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Correct scaling relation for the conserved Kardar-Parisi-Zhang equation and growth models

S. H. Yook, C. K. Lee, and Yup Kim*
Department of Physics and Research Institute for Basic Sciences, Kyung-Hee University, Seoul 130-701, Korea

~Received 29 May 1998!

To test the corrected scaling relationa1z5423d of the conserved Kardar-Parisi-Zhang~CKPZ! equation
suggested by Janssen@Phys. Rev. Lett.78, 1082 ~1997!#, a stochastic growth model that follows the CKPZ
equation with the conserved noise is restudied. We have found a consistent nonzero correction termd, which
is somewhat larger than that estimated from the two-loop renormalization group calculation.
@S1063-651X~98!10010-7#
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Recently there has been great interest in kinetic surf
roughening phenomena of various growth models@1#. The
main quantities of interest are the exponentsa, b, and z,
which characterize the dynamic scaling law of the surfa
width W. The surface widthW(L,t) is defined by the root
mean square fluctuation of the interface height. The dyna
scaling ansatz forW(L,t) in a finite system with the latera
substrate sizeL is @2#

W~L,t !;La f ~ t/Lz!, ~1!

where the scaling functionf (x) is xb (b5a/z) for x!1
and is constant forx@1. Among the growth equations tha
follow the scaling relation~1!, the growth equations of the
conserved form@3–12# have intensively been studied b
cause of the possible relevance to the real molecular b
epitaxial~MBE! growth. Especially Sun Guo and Grant, L
and Das Sarma, and Villain have studied the so-calledcon-
served Kardar-Parisi-Zhang equation~CKPZ! @3–5#:

]h~x,t !

]t
52n4¹4h~x,t !1l¹2~¹h!21h~x,t !, ~2!

^h~x,t !h~x8,t8!&52D~2¹2!ad~x2x8!d~ t2t8!. ~3!

Equation~2! with conserved noise case (a51) was origi-
nally studied by Sun Guo and Grant@3# and that with non-
conserved noise (a50) was suggested for the ideal MB
growth @4,5#. The one-loop renormalization group~RG! cal-
culation showed that the interface roughening described
Eq. ~2! with a51 @3# or a50 @4# satisfies the scaling rela
tion

a1z54. ~4!

However, Janssen@6# has recently claimed that the scalin
relation~4! was derived from ill-defined transformation@3,4#
and the relation should be modified as

a1z5423d ~5!

and thus the exponents for Eq.~2! on thed-dimensional sub-
strate withd,dc are

*Electronic address: ykim@nms.kyunghee.ac.kr
PRE 581063-651X/98/58~4!/5150~3!/$15.00
e

e

ic

m

y

a5
e

3
2d, z542

e

3
22d, b5a/z'

e

122e
2g,

~6!

where e5dc2d and g5(3629e)d/(122e)2. Here dc is
the uppercritical dimension of the substrate in which the
ponentsa andb become zero orW depends logarithmically
on t andL. dc54 for the nonconserved noise ofa50 and
dc52 for the conserved noise ofa51 @6#. From two-loop
RG calculation Janseen@6# has shown that the value ofd is
very small (d,0.03). Recently the corrected scaling relati
~5! has been tested@10# by using a stochastic growth mode
that follows Eq.~2! with the nonconserved noise ofa50. It
has been found that there must exist the consistent correc
termd and the estimated magnitude of thed is about 0.05 for
d52 or for e5dc2d52 @10#.

In this paper we test the corrected scaling relation~5! for
the conserved noise case ofa51 by use of a stochastic
growth model that follows Eq.~2! with a51. Because of the
smallness ofd, the values of the exponents withd50 in Eq.
~6! might be very good approximations. However, from
theoretical point of view, it should be very important to fin
that there exists a nontrivial correction termd in a growth

FIG. 1. Plot of lnW/t1/11 against lnt for d51. Solid line corre-
sponds the line withg50.0048 (d50.02).
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model with conserved noise as in a model with nonconser
noise @10#. Among the stochastic growth models that a
claimed to follow Eq.~2! with a51 @3,7,11#, we have cho-
sen the growth model suggested by Krug@11# for the test.
The main reason for the choice is that Krug’s model h
explicitly been shown to satisfydc52 @12#, which we have
also checked. Sincedc of Eq. ~2! with a51 is 2 @6#, Krug’s
model is sure to follow CKPZ equation with conserv
noise. Krug’s model is defined as what follows. Selec
columnx at random. If the surface configuration satisfies
condition h(x11,t).h(x) or h(x21,t).h(x), the column
x is regarded as immobile and select a new column. If n
the particle at@x,h(x,t)# is moved to a randomly chose
neighboring column.

Since dc52 for both Krug’s model and Eq.~2! with a
51, the test of the consistent existence of the termd in Eq.
~5! through the simulation can be done only ford51. In our
simulation, we have used the periodic boundary conditi
All results are averaged 50 independent runs. The resul
the measurement ofW(L,t) on a substrate ofL523105 for
t!Lz has been displayed in Fig. 1. Ifd50, the exponentb
would be 1/11 ind51 as can be seen from Eq.~6!. To
estimate d, we have presented the time dependence
W(L,t) through the plot of lnW(L,t)/t1/11 against lnt in Fig.
1. If W(L,t)/t1/11 did not have a consistent time dependen
d would be estimated 0. InsteadW(L,t)/t1/11 follows the
power lawt2g quite well as shown in Fig. 1. From the slop
of the fitted line in Fig. 1 we have obtained (2g)'
20.0048, and thusd is estimated from Eq.~6! as

FIG. 2. Plot of lnW/L1/3 against lnL for the steady-state regime
The slope of the solid line is (2d)'20.02.
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d'0.02. ~7!

To estimated through the exponenta, W(L,t5`) on a
various substrate sizeL516,23,32,64,128,256 has been me
sured in the steady-state regimet@Lz. If d50, the exponent
a would be 1/3 ind51 @see Eq.~6!#. To get an estimation of
d from W(L,`), we have used the relationW/L1/3;L2d.
Figure 2 shows the plot of lnW/L1/3 against lnL. From the
slope of the fitted line in Fig. 2, we get nearly the samed as
in Eq. ~7!. The estimated value ofd from W(L,t) for t!Lz is
consistent with that fromW(L,`) and this consistency sup
ports the existence of the nonzero correction termd.

For another test for the consistent existence of the n
zero correction termd, we have also investigated the heigh
height correlation function G(r ,t)[^@h(x1r ,t)
2h(x,t)#2&. G(r ,t) has the scaling propertyG(r ,t)
5r 2ag(r /t1/z) @11#, whereg(x).x22a for x@1 and g(x)
.const for x!1. For a given r with the condition r
@t1/z, G(r ,t).t2b. Figure 3 shows the plot of lnG/t2/11

against lnt for r 5395. Using the relationG/t2/11.t22g, we
have obtained (22g)'20.0097, andd'0.02. The inset of
Fig. 3 shows the plot of lnG/r2/3 against lnr for r 53,4,5,6 at
time t5264 454. Using the relationG/r 2/3.r 22d, we have
estimatedd'0.02. d ’s obtained fromG(r ,t) are also very
close to the values obtained from Figs. 1 and 2.

We have summarized the estimatedd ’s for Eq. ~2! with
conserved noise (a51) and that with nonconserved nois
(a50) @10# in Table I. In both cases there exist consiste
nonzero correction terms. The estimatedd ’s are larger than
Janssen’s value@6#. Since RG calculation is based on a

FIG. 3. Plot of lnG/t2/11 against lnt for r 5395. The inset shows
the plot of lnG/r2/3 against lnr for t5264454.
G
TABLE I. Estimated d ’s for Eq. ~2! with nonconserved or conserved noise from two-loop R
e-expansion@6# and the growth models.

Two-loop RGe expansion Growth models

Conserved noise (d51) 0.0025 0.02@11#

Nonconserved noise (d52) 0.014 0.05@9#
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asymptotice expansion, the estimatedd only for smalle is
quantitatively meaningful as one can see from RGe expan-
sion for the ordinaryn-vector model of magnetism@13# and
thus quantitative comparison ofd to the simulation results
might not be so important. Rather it is more important
establish the consistent existence of the termd.

In summary, we have tested the corrected scaling rela
~5! for Eq. ~2! with conserved noise (a51) by use of Krug’s
n

model and found a consistent nonzero correction termd,
which is somewhat larger than the value ofd estimated from
RG two-loope-expansion.
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