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Conserved growth model with a restricted solid-on-solid condition in higher dimensions
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A conserved growth model with a constraint on neighboring interface heights in substrate dimensions
ds52,3,4,5 is investigated. A randomly dropped particle is allowed to hop to the nearest site satisfying the
restricted solid-on-solid condition. The scaling properties of the surface inds52, 3, and 4 are consistent with
those of the continuum equation]h/]t52n¹4h1l¹2(¹h)21h. The upper critical dimension of the model
is also discussed.@S1063-651X~97!10110-6#
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Recently there has been great interest in the dyna
properties of the interfaces of various growth models@1#. An
interesting physical property of the dynamic growth proc
is the kinetically rough self-affine surface structure. Most
the recent work concentrated on studying the surface st
ture of the growth models, especially on determining
dynamical critical exponents governing the surface fluct
tions @1#. The dynamic scaling hypothesis is that in a fin
system of lateral sizeL, the standard deviation or the roo
mean square fluctuationW of the surface height starting from
a flat substrate scales as@2#

W~L,t !;La f ~ t/Lz!, ~1!

where the scaling functionf (x) is xb ~with b5a/z) for
x!1 and is constant forx@1.

Among the growth models the restricted solid-on-so
~RSOS! model @3,4#, in which the differences between th
neighboring heights of the local columns are usually
stricted to zero or unity in magnitude, has been intensiv
studied. Even with this restriction, the equilibrium RSO
model still exhibits a roughening transition@3# and the non-
equilibrium growth model@4# follows the Kardar-Parisi-
Zhang~KPZ! equation@5–7# rather well.

Recently there have been considerable efforts in c
served growth models, in which the number of particles
conserved after being deposited, because of the possible
evance to the real molecular beam epitaxial~MBE! growth
@8–16#. We have also studied a conserved growth mo
with the RSOS condition@17,18#. The growth algorithm of
the ‘‘conserved RSOS~CRSOS! model’’ is very similar to
the simple RSOS model@4# except for a relaxation proces
The growth rule is following:~I! A site xW is selected ran-
domly on ads-dimensional substrate.~II ! If the restricted
solid-on-solid condition on the neighboring heigh
udhu50,1, . . . ,N is obeyed after a particle is deposited atxW ,
whereN is a preassigned restriction parameter, then a gro
is permitted by increasing the heighth(xW )→h(xW )11. ~III ! If
the RSOS condition is not obeyed at the positionxW , the
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dropped particle is allowed to hop to the nearest site wh
the RSOS condition is satisfied. If there is more than o
neighboring site at the same distance fromxW that satisfies the
RSOS condition, one of them is chosen randomly.

Extensive studies on various physical properties, such
the surface width, the distribution of hopping distances, a
the tilt-dependent surface current of the CRSOS model in
substrate dimensionds51 @18#, have shown that the CRSO
model follows the conserved KPZ equation@8,11,16#

]h~x,t !

]t
52n4¹4h~x,t !1l¹2~¹h!21h~x,t !, ~2!

where

^h~x,t !h~x8,t8!&52Dd~x2x8!d~ t2t8!. ~3!

The one-loop renormalization group~RG! calculations with
conserved@16# or nonconserved noises@8# have shown that
the value of the roughness exponenta and the value of the
dynamic exponentz in Eq. ~2! satisfy the scaling law

a1z54, ~4!

and have claimed that thel of Eq. ~2! is not renormalized
under the RG transformation so that the scaling law~4! is
exact@8,16#. There is the other scaling relation derived fro
the surface current conservation@9,16,8#

z22a2ds50, ~5!

whereds is the substrate dimensions. From both Eq.~4! and
Eq. ~5! one can get the supposedly exact values of the ex
nents:

ae5~42ds!/3, ze5~81ds!/3,

be5ae /ze5~42ds!/~81ds!. ~6!

However, recently Janssen@19# has claimed that the scalin
relation ~4! was derived from an ill-defined transformatio
@8,16# and the relation should be modified as

a1z5423d. ~7!
4085 © 1997 The American Physical Society
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The two-loop RG calculation@19# has shown thatd is very
small (d<0.03) fords51,2,3 andd50 for the upper critical
substrate dimensionds

c54 wherea50 andb50. If there
exists such a correction, then the true values of the expon
a,z,b for Eq. ~2! are expected to be slightly smaller than t
corresponding values in Eq.~6!.

In this paper we present the simulation results for
CRSOS model on substrate dimensionsds52, 3, 4, and 5.
The motivation of our study is to check whether the CRS
model on higher-dimensional substrates also follows Eq.~2!
or not. The RG calculations@8,19# for Eq. ~2! have predicted
that the upper critical dimensionds

c is four. We have mea-
sured the surface roughnessW(t) of the CRSOS model in
higher dimensions and found thatW; lnt in ds54. From the
theoretical point of view it should be very interesting to fin
whether the scaling relation~4! is exact or not, even thoug
the correction termd of Eq. ~7! is probably quite small. So
the other motivation of our study is to compare Jansse
correction @Eq. ~7!# with the value of exponents in th
CRSOS model.

There are several ways to simulate the CRSOS mode
the ds-dimensional lattice due to the growth rule~III !. Con-
sider the CRSOS model on a two-dimensional square lat
If a site of coordinate (x,y) is selected and the site does n
satisfy the RSOS condition, then we should seek the nea
site that satisfies the RSOS condition for the growth. Wh
searching for the nearest sites, we should choose one
tance measure among the several possible distance mea
in the square lattice. One possible measure is the real
tance~RD! measure. If one uses the RD measure, the
tance between (x,y) and (a,b) is A(x2a)21(y2b)2. The
other possible measure is the chemical~lattice-bond! dis-
tance~CD! measure. If one uses the CD measure, the
tance between (x,y) and (a,b) is ux2au1uy2bu. In the CD
measure, all eight next nearest neighbors of (x,y), i.e., the
sites at (x61,y61), (x62,y), and (x,y62), have the same
distance away from (x,y), but in the RD measure those
(x61,y61) are nearer to (x,y) than those at (x62,y) and
(x,y62).

Let us first discuss the results of the simulations on
square lattice (ds52). Our simulations have been don
mainly for the restriction parameterN51. As explained in
the previous paragraph, we can think of two versions of
CRSOS model, one based on the CD measure and the
on the RD measure. The simulations are performed from
flat square lattice with the periodic boundary condition.
determine the growth exponentb, we have measured th
root mean square fluctuationsW(L,t) of h(xW ,t) as a function
of the ordinary Monte Carlo timet for a substrate size
L3L52563256, averaging over 100 independent runs. T
data for CRSOS models based on both the CD measure
the RD measure are shown in Fig. 1. Using the relat
W;tb for t!Lz @1# and the data for lnt.5 in Fig. 1, we have
obtained

b50.1960.01 ~CD!, b50.1860.01 ~RD!

for ds52. ~8!

As one can see from Fig. 1, the data for CD measure
slightly smaller than those for RD measures, but the g
nts
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between the data decreases as a function of time. As
expected, the modification of the distance measures does
change the universality of the model. The values ofb for
both measures approach around 0.19 for lnt.8. The values
of b are close to, but smaller than,be51/5 in ds52 @see Eq.
~6!#.

To get an estimation ofd, the simulations for the mode
based on the CD measure have been done on a larger s
lattice substrate with the sizeL3L58003800 and the re-
sults are shown as the plot of lnW/t0.2 againtst lnt in Fig. 2.
Then we have measured the successive slope (2g) of the
curve as a function of 1/t and extrapolated the slope (2g) to
t5`, where g50.22b is around 0.013. So we have ob
tainedd'0.065. In a similar way, from the lnW versus lnt
plot, we have also measured the successive slope ofb as a
function of 1/t. The extrapolated value ofb is around 0.19
with d'0.05. We have found that there is a consistent tre
of nonzerod. The estimated values are somewhat larger th
Janssen’s value of 0.014 inds52 @19#. One of the possible
explanations for the larger value ofd is due to the systematic
small size effects. More large simulations in other dime
sions are required.

For the exponent a, we have used the relatio
W(L,t);La in the steady-state regimet@Lz @1#. We have
used the system sizesL516,24,32,47,64 for the measure
ment of W(L,t5`) in the steady-state regime. From th
data shown in Fig. 3, we have obtained

a50.6360.02 ~CD!, a50.6060.02 ~RD! ~ds52!.
~9!

As shown in Fig. 3,W(`)’s with CD measure are slightly
smaller than those with RD measure for the smaller sys
sizes. The gap between them decreases asL increases. So we

FIG. 1. Surface widthW of the CRSOS model as a function o
time in log-log plot on a square lattice (L3L52563256). CD
means the data for the model based on a chemical distance me
and RD means the data for the model based on a real dist
measure. The solid lines are the lines corresponding tob50.18 and
b50.19, respectively.
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expect thata ’s for both measures also approach commo
around 0.62 for largerL. This result fora is also close to,
but smaller than,ae52/3 for ds52 @see Eq.~6!#. Since the
estimated error is somewhat large, we could not exclude
values in Eq.~6! through the numerical simulation only
From Eqs.~8! and ~9!, we can getz'0.63/0.19'3.32 and
a1z'3.95 for the CD measure andz'0.6/0.18'3.33 and
a1z'3.93 for the RD measure. Even though the values
a are smaller than 2/3, the values ofa1z are very close to
4. If there are some corrections for the scaling relat
a1z54, then they are probably very small.

To get an estimation ofd from W(`), we have plotted
lnW/L2/3 againstL as shown in Fig. 4. The slope of this plo

FIG. 2. Plot of ln(W/t0.2) against lnt for ds52. The data forW in
this figure are taken for the model based on the CD measure
square lattice with the sizeL3L58003800.

FIG. 3. W in a steady-state regime on a square lattice a
function of the substrate sizeL in a log-log plot.
y
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should be (2d). The slope of the fitted line in Fig. 4 is
around20.05. Thus the estimatedd from W(`) is close to
the value from the analysis of time-dependent widthW. It is
also somewhat larger than Janssen’s value of 0.014 inds52.

We have also investigated the correlation functi
G(r ,t)5^@h(xW1rW,t)2h(xW ,t)#2& of the CRSOS model. As
shown in Fig. 5, the correlation function of the model bas
on the CD measure satisfies the scaling relat
G(r ,t)5r 2a f (r /t1/z) well if one use the values of exponen
a andz5a/b in Eqs.~8! and ~9!. We have also confirmed
that the correlation function for the RD measure also satis
the corresponding scaling law well.

a

a

FIG. 4. Plot of lnW/L2/3 against lnL for the steady-state regime
The negative slope of the guide line is corresponding tod50.05.

FIG. 5. The data collapse of the scaled height-height correla
functions G(r ,t) on a square lattice fort510,20, . . . ,130 with
a50.63 andz53.32. The data are for the CRSOS model based
the CD measure.
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Next we discuss the simulation results of the CRS
model on hypercubic lattices inds53, 4, and 5. Here we
have used the CD measure only. The early time behavior
W(t)’s are shown in Fig. 6. The data fords53 show a good
straight line from the beginning, but the data fords54 and 5
are curved all the time. From the relationW(t);tb and the
data for lnt.3, we have obtained

b'0.08 ~ds53! ~10!

and the fitted line corresponding tob50.08 fords53 is also
shown in Fig. 6. It is hard to distinguish numerically betwe
a logarithmic behavior and a power law behavior with a ve
small value of the power. A straight line fitting inds54 data
in a log-log plot for lnt.3 givesb'0.02. It is close to zero
and the data are also well fitted by the curve

W~ t !.0.015lnt ~or b50! ~ds54! ~11!

FIG. 6. Surface widthW of the CRSOS model as a function o
time in log-log plot on hypercubic lattices fords53, 4, and 5. The
dashed line follows Eq.~10!. The inset is for the plot ofW as a
function of t in ds53, 4, and 5. The solid curve in the inset follow
Eq. ~11!.
d
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and this curve is also shown in Fig. 6. In other words, a go
straight line can be obtained in a semilogarithmic plot. So
believe that the logarithmic behavior is more plausible.
the inset of Fig. 6, theds55 data show the saturation of th
width after the initial transient times, implying thatds55 is
above the critical dimension. The result fords54 indicates
that the upper critical substrate dimensionds

c of the CRSOS
model is 4. Since RG calculations@8,19# predict thatds

c of
Eq. ~2! is 4, this result supports that the CRSOS model f
lows Eq.~2!. The value ofb from the simulation inds53 is
smaller thanbe51/11. One possible explanation is thatl is
renormalized such that there exists some correction in
~7! like Janssen’s correction@19# in addition to the effects of
both the small system size and short simulation times.

We have investigated a conserved RSOS growth mode
higher dimensions, where a dropped particle is allowed
hop to the nearest site satisfying the RSOS condition. T
values ofb and a are close to, but slightly smaller, than
those in Eq.~6! and the deviations in the values ofa andb
seem to be somewhat larger than Janssen’s correct
However, we have found that the CRSOS model has
upper critical substrate dimensionds

c54 and the numerica
value ofa1z is close to but less than 4, consistent with E
~7!. Considering the magnitudes of the estimated errors,
results for the CRSOS model do not exclude the values
Eq. ~6!. So we could not claim conclusively that our mod
breaks@19# the scaling relationa1z54 due to the compute
limitation. However, we find a consistent deviation of th
exponents from Eq.~6!. More larger simulations are require
to find the corrections. On a square lattice, we have meas
the surface width for both chemical distance measure
real distance measure. As one expected, the value of
exponent does not depend on the ways to define the dista
As a whole, theN51 version of our CRSOS model in highe
dimensions follows the continuum equation@Eq. ~2!# well.
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