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In this study, we investigate how the heterogeneous site size distribution affects the behavior of
the branch size distribution of critical trees. By assuming a power-law, P (s) ∼ s−α, for the site
size distribution, we find that the exponent τ for the branch size distribution is smaller than that
of a critical tree when α < 3. When α ≥ 3, we find τ = 1.5, which is the value of the critical
tree for P (s) = δ(s − 1). We also find τ = 1.5 for other P (s)’s with finite

〈
s2

〉
. Based on our

measurement, the physical origin of the discrepancy between the measured branch size distribution
in real river networks and that of the critical tree is suggested. As an extension of our study, we
also measure the directory size distribution of computer operating systems and discuss the effect of
the heterogeneity of the site size distribution τ of a supercritical tree.
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I. INTRODUCTION

Since many important natural phenomena can be eas-
ily described by mapping into phenomena on branched
tree networks, studies on the topological properties of
branched tree networks play great roles in understanding
various phenomena in nature. Examples include branch-
ing processes such as nuclear chain reactions and directed
percolation [1], specification in biology [2], decision mak-
ing in sociology [3], and branched flows in rivers [4] and
blood vessels [5]. Interestingly, many of those phenom-
ena share a universal feature that the branch size distri-
bution satisfies a power-law [4]

P (a) ∼ a−τ . (1)

Here, a is the size of branch, which is defined by the
number of sites making up the branch in the tree. An
important question involved in studies on the topological
properties of branched network is how to decide the uni-
versality class of different natural and artificial branched
networks.

Analytical derivations have shown that there can
be two universality classes depending on the average
branching ratio. If the average branching ratio is unity,
then the resulting tree becomes critical [6]. For a crit-
ical branching process, it is well known that τ = 3/2.
When the average branching ratio is larger than unity,
the resulting tree becomes supercritical and τ = 2 [7].
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The Internet [8], the communities in scientific collabora-
tion networks [9], the distribution of taxa in biological
specification [2], and the directory size distributions in
computers [10] are well described by the branch size dis-
tribution of a supercritical tree. However, the drainage
area distribution of river networks [4,11–13], communi-
ties in organizations [14], and jazz musician networks [15]
are believed to be well described by the critical branch-
ing process. However, the empirical value of τ for the
size distribution of the drainage area in river network is
known to be τ ≈ 1.41 ∼ 1.45 [11–13]. Here, the drainage
area corresponds to the branch size of tree networks. the
values of τ of other critical trees such as the Internet are
also known to be τ ≈ 1.45 [7]. These values of τ are close
to 3/2, but still noticeably smaller than 3/2. There have
been several attempts to explain the deviations from the
critical value. Scheidegger showed that the value of τ
decreases to τ = 4/3 by using a model based on the ran-
dom walk system [16,17]. This value of τ obtained from
Scheidegger’s model was still far from the empirical val-
ues. More recently, when a slope-slope correlation of the
morphology on various landscape exists, τ is known to
be τ ≈ 1.42 [18], which agrees only with the lower bound
of τ in river networks.

In this paper we suggest a physical origin for the dis-
crepancy between the empirically obtained value of τ in
river networks and that for the critical tree. In gen-
eral, the drainage area or branch size of the river net-
work is defined as the number of sites connected through
drainage directions. This implies that each site has a
drainage area of uniform size. In other words, it has
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Fig. 1. (Color online) (a) Schematic diagram for generat-
ing a critical tree. σ represents the number of new branches.
(b) Assignment of site size s to each site. s is randomly drawn
from a given distribution P (s). For each filled circle, a is the
branch size of the site.

drainage area of unit size and does not have any inter-
nal structure. However, it is more reasonable to assume
that each site has its own internal structure and that the
area covered by a site fluctuates from site to site. There-
fore, we introduce a fluctuation in the size of a site and
show that the heterogeneity of the site size can change
the value of τ . We also discuss the relationship between
the rainfall distribution and the site size distribution as
a possible origin of the heterogeneity in the site size of
river networks. For a comparison, we also investigate the
directory size distributions in computer systems.

This paper is organized as follows. In Sec. II, we define
the model. The simulation results are shown in Sec. III.
The relationship between the rainfall distribution and
the site size distribution is given in Sec. IV. In Sec. V, we
show the measurement of the directory size distributions
for computer operating systems for a comparison. The
summary and discussion are given in Sec. VI.

II. MODEL

In order to incorporate the fluctuation in site size into
the branch size distribution of the critical tree, we first
generate the critical tree. The tree becomes critical when
the average branching ratio is unity; i.e., b =

∑
σ σpσ =

1. Here, pσ is the probability to trigger σ new branches
(see Fig. 1(a)). Then, we assign a size of site i, si, for
each i. The si is drawn from a give distribution P (s). We
let S be the set of sites that belong to the sub-tree rooted
from i and i itself. Then, the size of the branch rooted
from site i is defined as ai =

∑
j∈S sj (see Fig. 1(b)).

In Fig. 1(b), we present an example to determine ai at
each site for filled circles. For example, ai for the black
site is determined as ai = 0.2 + 0.1 + 0.3 + 0.4 as shown
in Fig. 1(b). In the following simulations we show the
results for σ ∈ {0, 1, 2}, but we check that the results are
not affected by the upper bound on σ. Then, we measure
P (a) over at least 104 realizations of tree.

Fig. 2. (Color online) (a) Plot of P (a) when P (s) ∼ s−α.
The dashed line denotes the relation P (a) ∼ a−τ with τ =
1.5. The solid line corresponds to τ = 1.43. Inset: Plot of τ
against α. (b) Plot of P (a) when P (s) ∼ exp[−(s − 1)2/2].
The solid line corresponds to τ = 1.5.

III. BRANCH SIZE DISTRIBUTION WITH A
HETEROGENEOUS SITE SIZE

DISTRIBUTION

In order to study the effect of heterogeneity in the site
size on the branch size distribution, we first assume that
P (s) follows a power-law

P (s) ∼ s−α. (2)

In critical or supercritical branching, the branch size dis-
tribution can be easily calculated by using the gener-
ating function [7]. However, when P (s) is not a triv-
ial distribution as Eq. (2), the initial condition becomes
nontrivial. Thus, the analytic derivation of P (a) also
becomes nontrivial. Therefore, we use a Monte Carlo
simulation to obtain P (a). In Fig. 2(a) we show the
measured P (a) from simulations for various values of
α ∈ [2.1, 3.0]. Using the least-squares fit of the data
to Eq. (1), we obtain τ = 1.43 ± 0.01 for α = 2.1, and
τ = 1.50 ± 0.01 for α ≥ 3.0. This shows that τ is a
function of α. In the inset of Fig. 2(a) we display the
estimated τ against α. The data clearly shows that the
value of τ increases as α increases. When α is close to
α = 3, τ approaches to τ = 1.5, which corresponds to the
value for the critical tree. Moreover, α ∈ [2.1, 2.4] gives
the value of τ measured from the drainage area distribu-
tion in real river networks. In Fig. 2(b) we display the
measured P (a) when P (s) follows the Gaussian distribu-
tion, P (s) ∼ exp[−(s − 1)2/2]. From the best fit of the
data to Eq. (1), we obtain τ = 1.50 ± 0.01. For other
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Fig. 3. (Color online) Measured P (r) in Australia. The
solid line represents the relation P (r) ∼ r−β with β = 0.9.

distributions for P (s) in which
〈
s2

〉
is finite, we obtain

τ = 1.5 (which is not shown). This result indicates that
when the site size distribution is heterogeneous enough,
or

〈
s2

〉 → ∞, then the value of τ significantly deviates
from that for the critical tree. However, if the site size
distribution becomes rather homogeneous, or

〈
s2

〉
is fi-

nite, the value of τ is equal to that for the critical tree.

IV. RAINFALL DISTRIBUTION

In real river networks, the area that is covered by each
site would be closely related to the rainfall at each site
in the following way. The flow at each site should be
proportional to the rainfall, and the area covered by a site
would be proportional to the flow at the site. However,
the exact relation between the rainfall (flow) distribution
and the distribution of the area covered by the site in
a river network is not yet fully understood. In order
to investigate the relationship between the rainfall and
the area covered by each site, we measured the rainfall
distribution, P (r), by using the Australian daily rainfall
gridded data [19]. The data in Ref. 19 have been recorded
for 30 years (1961-1990). The area of each gridded region
in the dataset covers around 25 km2. From this dataset,
we measure P (r) for each gridded area in Australia. The
result is shown in Fig. 3. From the data in Fig. 3, we
find that P (r) satisfies another power-law

P (r) ∼ r−β , (3)

with β = 0.9 ± 0.1. The value of β seems to be slightly
different from country to country. For example, in Korea
we also find that P (r) follows Eq. (2) with β � 1.2 [20].
The obtained value of β is much smaller than the value of
α = 2.1 ∼ 2.7, which corresponds to the value of τ mea-
sured from the drainage area distribution in real river
networks. This indicates that rainfall is not linearly pro-
portional to the size of the site. The discrepancy between
P (s) and P (r) can be understood from the definition of
the drainage area. Since the drainage area is defined by
the water flow on the surface, the part of the rainfall
that permeates into the soil must be excluded when the

Fig. 4. (Color online) (a) Plot of the directory size distri-
bution for Linux. The solid line represents τ = 1.6, which
is significantly smaller than τ = 2.0 for supercritical branch-
ing. Inset: Plot of the data size distribution stored in each
directory. This data size distribution corresponds to P (r) of
the rainfall distribution. The solid line denotes α = 2.0. (b)
Plot of the directory size distribution for Microsoft Windows
7. The line represents τ = 1.5. Inset: Plot of the data size
distribution. The line denotes α = 1.7.

distribution of the drainage area or P (s) is estimated.
Form our measurement, we expect that the amount of
water on the surface, w, would satisfy a power-law rela-
tion to the rainfall as w ∼ rδ. If w ∼ s as the simplest
assumption, then δ is in the range δ ∈ [1.8, 2.3].

V. SIZE DISTRIBUTION OF THE
DIRECTORY IN COMPUTER

OPERATING SYSTEMS

For a comparison, we also measured the directory size
distribution for operating systems (OS) of a computer.
The branch size distribution of the directories in a com-
puter is also known to follow the power-law in Eq. (1)
with τ ≈ 2 [10] under the assumption that the sizes of
all sites (or directories) are the same. This value of τ
corresponds to that for supercritical branching [7]. To
investigate the effect of the site size fluctuation on the
branch size distribution of the supercritical tree, we con-
sider a directory as a site in Sec. II, and we define si

for each site i as the sum of file sizes over all files in the
directory i. In the sum, the files in subdirectories of i
are of course excluded. Then, the branch size ai of a
directory i becomes the sum of the file sizes over all files
in the directory and its subdirectories.
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In Fig. 4(a) we show the measured P (a) for the Linux
system. From the best fit of the data to Eq. (1), we
obtain τ = 1.6 ± 0.1, which is significantly smaller than
τ = 2.0 for the supercritical tree. In the inset of Fig. 4(a),
we show the the measured P (s) for the Linux system.
As shown in the inset of Fig. 4(a), we find that P (s)
for the Linux system also satisfies Eq. (2). From the
data we obtain α = 2.0 ± 0.1. We also obtain a similar
distribution for other OS’s. For example, in Fig. 4(b), we
display the measured P (a) for the Microsoft Windows 7
system. The solid line in Fig. 4(b) represents the power-
law relation in Eq. (1) with τ = 1.5 ± 0.1. The inset of
Fig. 4(b) shows that the P (s) for the Microsoft Windows
7 system also satisfies Eq. (2) with α = 1.7± 0.1. These
results show that not only for the critical tree but also
for the supercritical tree, the exponent τ for the branch
size distribution is strongly affected by the heterogeneity
of the site size distribution.

VI. SUMMARY AND DISCUSSION

In summary, we study the effect of the fluctuation in
the site size on the branch size distribution of the criti-
cal tree. For several distributions of P (s), we show that
the branch size distribution exponent τ is closely related
to the second moment of the site size distribution

〈
s2

〉
.

When
〈
s2

〉
diverges, the value of τ significantly deviates

from τ = 1.5 for the critical tree and is smaller than
τ = 1.5. On the other hand, for finite

〈
s2

〉
, τ is not

affected by the site size fluctuation, and τ = 1.5. There-
fore, our results provide a clue to understand the origin
of the deviation of τ for real trees from that for a crit-
ical tree. For example, in river networks, the heteroge-
neous site size distribution caused by the heterogeneity
in rainfall distribution strongly affects the value of τ .
Moreover, from measurements of the directory size dis-
tribution for Linux systems and Microsoft Windows 7
systems, we find a similar behavior in τ . The measured
P (s)’s both for Linux directories and Microsoft Windows
directories show that

〈
s2

〉 → ∞. Consequently, τ ’s for
computer systems are much smaller than τ = 2 for the
supercritical tree as for the critical tree. Therefore, the
effect of the heterogeneous site size distribution on the
branch size distribution is physically crucial.
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