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Agent-Based Generalized Spin Model for Financial Markets on
Two-Dimensional Lattices

Soon-Hyung Yook,� Hong-Joo Kim and Yup KimyDepartment of Physics and Research Institute for Basic Sciences, Kyung Hee University, Seoul 130-701
We study a microscopic model for price formation in �nancial markets on a two-dimensionallattice, motivated by the dynamics of agents. The model consists of interacting agents (spins) withlocal and global couplings. The local interaction denotes the tendency of agents to make the samedecision as their interacting partners. On the other hand, the global coupling to the self-generating�eld represents the process which maximizes the pro�t of each agent. In order to incorporate morerealistic situations, we also introduce an external �eld which changes in time. This random �eldrepresents any internal or external interference in the dynamics of the market. For the proper choiceof model parameters, the competition between the interactions causes an intermittency dynamicsand we �nd that the distribution of logarithmic return of price follows a power law.
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I. INTRODUCTION

Power law or fat tails observed in various distributions[1{3] in many economic systems have attracted physi-cists' attention because of their relevance to critical phe-nomena in statistical physics. Especially, empirical stud-ies on logarithmic price changes (returns) in real marketshave found the intermittent occurrence of large burstsresulting in the power law tails in their distributions.Various models have been introduced to understand theorigin of the observed properties in real �nancial mar-kets [3{9]. Among these models, Ising-like spin systemshave been studied by some researchers, due to their sim-plicity [6{8]. For example, Chowdhury and Stau�er [6]introduced a super-spin and time-dependent individualbias of each agent to show that the return distributionsatis�es a power law scaling.Recently, a particularly realistic model was studiedby Lux and Marchesi [10]. In their model, the pool ofagents is divided into two groups: \fundamentalist", whoexactly knows the excess demand (di�erence betweenthe demand and supply), and the \trend follower" or\noise trader", who follows the decision of their inter-acting neighbors [10]. The resulting model succeeded inreproducing several non-trivial properties in a real mar-ket. However, the only drawback of the Lux-Marchesimodel is a high complexity, with more than ten free pa-rameters. There is thus a requirement for more simpli-�ed models to systematically understand the e�ects ofthe fundamentalist and the trend follower on the mar-
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ket dynamics [7,8,11]. For example, Sznajd-Weron andWeron studied the e�ects of a single fundamentalist byusing Ising-like ferromagnetic interactions on two sublat-tices [8] and showed that the resulting return distribu-tion satis�ed the power law scaling. Another interestingspin model which incorporates the competition betweenthe fundamentalist and trend follower was suggested byBornholdt [7]. In Bornholdt's model, each agent is as-sumed to have features of both the fundamentalist andthe trend follower. The ferromagnetic interaction withnearest neighbors is used to stand for the characteris-tics of the trend followers. At the same time, each spin(or agent) interacts with the global magnetization. Theglobal interaction represents the tendency of the fun-damentalist by encouraging a spin ip when the globalmagnetization becomes large. This interaction dependsonly on the magnitude of the magnetization, but not thecurrent state of a spin. Thus, the global interaction inBornholdt's model implicitly contains the e�ective time-dependent bias of each spin, which is similar to that ofChowdhury and Stau�er's model. As a result of compe-tition between two interactions, the frustration causedby metastable dynamics with intermittency is observedand the resulting return distribution exhibits power lawscaling.In this paper, we study the origin of the power law dis-tribution of the return based on a microscopic dynamicsbetween many interacting agents on square lattices as astarting point to understand the e�ects of trend followersand fundamentalists. For more systematic analysis, wemodify the global interaction of Bornholdt's model byassuming that each spin changes its state if the directionof the global magnetization of the system is parallel to
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the spin orientation. Thus, our model incorporates thecompetition between the characteristics of the trend fol-lower and the fundamentalist, and time-dependent globalbias, which represents any internal and external interfer-ence in the market dynamics. By numerical simulations,we �nd that the competition between trend follower andfundamentalist causes formation of domains. When thisdomain structure is completely destroyed by the exter-nal �eld and then restored, we �nd a large burst in thereturn and the resulting return distribution follows thepower law or fat-tailed distribution. In real markets, allagents do not have the same number of interacting part-ners. The e�ects of the heterogeneity of the underlyingtopology characterizing the structure of interaction be-tween agents will be discussed elsewhere [12].

II. MODEL
In our model, we consider N = L�L agents placed ona square lattice with the linear dimension L. The stateof each agent i is described by a two-state spin variablesi(t) 2 f�1;+1g at time t. Each state represents buying(+1) or selling (�1). The state of each agent i at timet+ 1, si(t+ 1), depends on the Hamiltonian:

H(t) = � NX
i;j=1 Jijsi(t)sj(t)

+ NX
i=1 si(t) f�M(t)� f(t)g ; (1)

and is updated by the heat-bath dynamics for sim-plicity [13]. Here, Jij = J (> 0) if i and j are near-est neighbors; otherwise, Jij = 0 (ferromagnetic interac-tion). This ferromagnetic interaction represents the ten-dency that each agent will follow the decision of his coop-erating agents (characteristics of the trend follower). Inthe second term, M(t) = (1=N)PNj sj(t) corresponds tothe excess demand. For � > 0, the interaction becomesantiferromagnetic and stands for the tendency of thefundamentalist who exactly knows the excess demand.The antiferromagnetic interaction reects the fact thatif the demand (supply) exceeds the supply (demand),then each agent wants to place a selling (buying) orderto maximize his bene�t. f(t) in the third term denotes atime-dependent external �eld which incorporates all in-ternal and external interference in the market dynamics.In general, the magnitude of this interference changes intime and large interferences such as oil shock and sub-prime mortgage crisis do not have the same occurrenceprobability as negligible daily reported rumors. Thus,at each time step we choose jf(t)j from the power lawdistribution:
Pf (jf j) � 1jf j� ; (2)

Fig. 1. Evolution of return on a 2-d square lattice. Inter-mittent large bursts are shown.
where � determines the heterogeneity of the distribution.The sign of f(t) is chosen at random. The unit time stepis de�ned by the usual Monte Carlo time step.

III. RESULTS
For simplicity, we assume that the evolution of price,p(t), follows [14]
dp(t)dt = cM(t)p(t); (3)

where c is a scaling factor for price change. In a dis-crete time step, p(t + 1) = p(t) exp(cM(t)). Thus, thelogarithmic return becomes
R(t) = ln p(t)� ln p(t� 1) = cM(t� 1): (4)
In the following simulations, we use square latticeswith L = 300. For simplicity, let the Boltzmann constantkB and J be unity. Figure 1 shows the time evolution ofR(t) when � = 2:5, � = 4 and T = 2:0. When � = 4, theantiferromagnetic interaction becomes comparable withthe ferromagnetic interaction. With these values of pa-rameters, we �nd the intermittent occurrence of a largeburst in R(t), which is very similar to that of real marketindices [15,16].In Figure 2 we display P (jRj) and P (R). In general,P (R) of the real market has been approximated by aL�evy stable distribution [3,17]:
P (R) � 1�

Z 1
0

exp (�jqj�) cos(qR)dq: (5)
Here, � and  are the index and scaling factor, respec-tively. For large jRj, Eq. (5) can be written as a powerlaw:

P (jRj) � jRj�(1+�): (6)
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Fig. 2. (a) Plot of P (jRj) against jRj for � = 4:0, � = 2:5,and T = 0:5. The solid line represents the relation P (jRj) �jRj�1:9. (b) P (R) for the same parameters as in (a). The solidline in (b) displays the L�evy distribution with the � obtainedfrom (a). (c) Plot of P (R) vs. R for � = 4:0, � = 3:5 and
T = 2:0. The solid line represents the Gaussian distribution.
From the best �t of Eq. (6) to the data in Figure 2(a),we �nd � = 1:9 � 0:1 for jRj > 50 when T = 0:5,� = 4:0 and � = 2:5. In Figure 2(b), we plot the P (R)obtained and Eq. (5) with � = 1:9. The result showsthat P (R) obtained from the simulations agrees very wellwith Eq. (5). As � increases, Pf (jf j) becomes relativelyhomogeneous. Thus, the price uctuations are not cor-related and P (R) becomes Gaussian (for example, seeFigure 2(c)). Other results for various values of param-eters are listed in Table 1. Note that for small � (= 1)we �nd that P (R) does not follow the power law distri-bution when T is less than the critical temperature ofthe Ising model, Tc (= 2:269185 � � �). Since the coordina-tion number of a two-dimensional square lattice is four,if � < 4, then the ferromagnetic interaction always dom-inates when T � Tc. Hence, the system is always in theordered state and we �nd that P (R) does not exhibit thepower law scaling when T < Tc and � < 4 (see Table 1).In order to understand the detailed dynamics whichcause the fat-tailed distribution shown in Figure 2, wetake a snapshot of the spin con�guration at various tem-peratures without the external �eld f(t). As shown in

Table 1. Obtained values of � for various values of �, �and T (< Tc). �'s in the table indicate that the distribu-tion follows neither the power law (L�evy distribution) nor aGaussian distribution.
T = 0:5 T = 2:0

� � �2.5 � �
� = 1 3.0 � �3.5 � Gaussian2.5 1:9� 0:1 1:8� 0:1
� = 4 3.0 3:4� 0:1 3:0� 0:13.5 Gaussian Gaussian

Fig. 3. Snapshot of the spin con�gurations with � = 4 and
f = 0. (a) T = 0, (b) T = 2, on a 100� 100 square lattice.
Figure 3(a), when T = 0 and � = 4 there exist twoexplicit domains, due to the competition between ferro-magnetic and antiferromagnetic interactions. The result-ing magnetization becomes 0. If we apply the external�eld f , then the domain structure can be disturbed andM 6= 0. For su�ciently large f , jM j becomes close to 1.Since Pf (jf j) is given by Eq. (2), the probability of hav-ing large jf j is very small compared with that of small jf j.Therefore, R(t) mostly uctuates around R(t) = 0 withintermittent bursts. These occasional high peaks causethe power law tail of P (R). If we increase T slightly,each domain smears into the other domain, due to thethermal uctuations. However, as long as T is less thanTc and f = 0, we still �nd the domain structure causedby the competition between ferromagnetic and antifer-romagnetic interactions (see Figure 3(b)). Therefore, ifT < Tc and � ' 4, then the power law tail of P (R)is expected when the external �eld disturbs the domainstructure or f 6= 0.This result provides a clue to understanding the mar-ket dynamics. In our model, one necessary condition forthe power law tail of P (R) is a balance between the sellersand buyers. This balance can be achieved by competi-tion between the fundamentalist's feature (global anti-ferromagnetic interaction) and the characteristics of thetrend follower (ferromagnetic interaction). If large time-dependent market interference is applied to this balancedstate, then most of the buyers (sellers) are abruptlychanged to sellers (buyers). The sudden changes betweenbuyers and sellers cause intermittent occurrence of large
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bursts, as shown in Figure 1, depending on the natureof the market interference distribution. Therefore, basedon the simulations of our model, we expect that the mar-ket will always tend to be balanced by the buyers andsellers. Furthermore, the market needs the interference,which can be characterized by a highly heterogeneousdistribution such as Eq. (2), to show the power law re-turn distribution.

IV. SUMMARY
We study a two-dimensional generalized spin modelon a two-dimensional lattice for price changes in a �nan-cial market motivated by the characteristics of agents.The model assumes that each agent has tendencies ofboth trend follower and fundamentalist. Each tendencyis represented by ferromagnetic interaction with near-est neighbors and antiferromagnetic interaction with aglobal self-generated �eld. The antiferromagnetic inter-action assumes that each agent is smart enough to makehis decision to be a minority in the market dynamics.From the numerical simulations we �nd that the com-petition between these two interactions causes a domainstructure on the two-dimensional lattice. If we apply atime-dependent external �eld whose magnitude followsa power law distribution, then we �nd a power law tailof P (R). The emergence of the domain structure indi-cates that the �nancial market is essentially balanced bythe buyers and sellers, due to the competition betweenthe characteristics of fundamentalist and trend follower.If occasional large interferences in market dynamics areapplied to this balanced state, then the power law orfat-tailed distribution of return can be obtained. Basedon our results and other empirical studies on real mar-kets [1{3], we expect that most of the real markets willalways be in a balanced state through the buyers andsellers. Large market interference which can be charac-terized by a highly uneven distribution such as a powerlaw distribution is needed for a power law or fat-tailedreturn distribution.
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