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Initial Value Problems WR=TETRVIERIGT

Euler Method

The most easiest and intuitive method.
Solve the equation:
dy

From the Taylor expansion of y around =

1
y(@+h) =y@) +hy' + Sh%" + -

Since vy’ = f(z,y),
y(@ +h) = y(z) + hf(z,y) + O(h?)

or

Euler Method
Yit1 = Yi + hfi + O(h2)
where f; = f(x, ;).

(1)

()
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Example-Bouncing Ball

Analytic results are known:

Vg = Vg, x = vot + g

1
Vy = Uy, _gt y:y0+vy0t_ _gt2

2
Differential Equations

Solve two sets of differential equations

dvm_o d;v_v
dt dt %
dvy__ @_

a9 ar

o F = = DA
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Initial Value Problems WR=TETRVIERIGT

Example-Bouncing Ball

@ discretize with time interval At

(x()ayO)? (mlayl)a e )(whyi), T

(Uﬂco’vyo)’ (Uﬂ@lvvm)v Tty (Uxmvyz‘)v te

@ Using Euler method:

< 'Uflfz = vxi—l (: UIO)

Uy, = Uy;_y — gAt

and
T, =Tj—1+ vziAt
Yi = Yi—1 + vy, At
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Initial Value Problems WR=TETRVIERIGT

Homework

Damped Harmonic Montion: Solve the second order differential equation:

mCCI;T;E + cfl—j +kxr=0
using the Euler method. There are three different types of damping:
@ ¢ — 4mk > 0 overdamping
@ % — 4mk = 0 critical damping
@ ¢ — 4mk < 0 underdamping

Plot z vs. t for each case.
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Picard Method

Eq. (1) can be expressed as

Yit1 = Yi +/ f(z,y)dz.

Use the trapezoidal method in “Numerical Calculus” for the integral in Eq. (3):
Picard Method

©)
h 3
Yit1 = Yi + §(fz‘ + fiy1) + O(R7)

(4)

o F = = £ DA
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Initial Value Problems RRZIETGR YL

Homework

Damped Harmonic Montion: Solve the second order differential equation:

mCCI;T;E + cfl—j +kxr=0
using the Picard method. There are three different types of damping:
@ ¢ — 4mk > 0 overdamping
@ % — 4mk = 0 critical damping
@ ¢ — 4mk < 0 underdamping

Plot z vs. t for each case.
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Predictor-Corrector Method
Predictor-Corrector Method

O Apply a less accurate algorithm to predict the next value y; 1 (Predictor)
for example, Euler method of Eq. (2)

@ Apply a better algorithm to improve the new value (Corrector)
for example, Picard method of Eq. (4)

Predictor-Corrector Method

@ calculate the predictor

Yi+1 = yi + hfi = p(yit1)
@ apply the correction by Picard method

h
i1 = yi+ 5 (fi + fir1(Tit1,p(Yiv1)) -
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Predictor-Corrector Method
Homework

Damped Harmonic Montion: Solve the second order differential equation:

d2 dx
— kr=20
dt2 +cdt+ €T

using the Predictor-Corrector method. There are three different types of damping:

@ ? — 4mk > 0 overdamping

@ % — 4mk = 0 critical damping

@ ¢ — 4mk < 0 underdamping
Plot = vs. t for each case.
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Runge:Kutta Method
Runge-Kutta Method

To solve the differential equation:

dy
E —f(y,t)

we expand y(t 4+ 7) in terms of the quantities at ¢ with the Taylor expansion:

(t+T)—y+Ty+2y +3,y(3>+4,y<4>+ = (5)
Let o f
T = 551
and so on. Then
= f(y,t) (6)
"= fo+ 1y (7)
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Runge:Kutta Method
Runge-Kutta Method

Higher order terms

YO = fu +2f foy + [P fyy + L2+ fify

and

y(4) = foet +3f frey + 3feSry + 5 fyfoy + @2 A f)f fryy +3f fifyy
A2 fyfyy + £ Fygy + oS + £ T3+ fuly
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Runge:Kutta Method
Runge-Kutta Method

y(t + 7) also can be written as

y(t+71) =y(t) + cuer + asca + - + mim (10)
with

aa = 7f(y.t),

c2 = Tf(y+uvaicr,t+vnT),

c3 = Tf(y+wvsicr +vsgca,t + v T+ v3aT) (11)

m—1 m—1
cm = Tf (y—i— Zymiciat+TZVmi> ) (12)
i=1 i=1

where o; (i =1,2,--- ,m) and v;; (i =2,3,--- ,m and j < i) are parameters to
be determined.
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Second-Order Runge-Kutta Method

If only the terms up to O(72) are kept in Eq. (5),

2
y(t+7) = y+7f + = (fe+ £1,). (13)

Truncate Eq. (10) up to the same order at m = 2:

y(t +7) =y(t) + arc1 + ases (14)
From Eq. (11),
1 = T.f(yv t)a
ca = Tf(y+rvaicr,t+voT). (15)
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Second-Order Runge-Kutta Method

Now expand ¢z up to O(7?):
co=T7f +vam(fi + [ fy) (16)
From Egs. (14)-(16) we obtain
y(t+7) = y(t) + (1 + a2)7f + com?var (fi + f fy)- (17)
By comparing Eq. (17) with Eq. (13), we have
o) +ax =1, (18)

and 1
Q91 = 5 (19)

Two equations with three unknowns.
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Second-Order Runge-Kutta Method

Choose a; = 3 then

2nd-Order Runge-Kutta Method
1 1
yt+7)=yt)+ in(yvt) + ETf(y'i‘Cht-i-T)
with

1 = Tf(y7t)
2nd-order RK is the same with the Predictor-Corrector (or Modified Euler
Method).

o 5 E £ DA
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Fourth-Order Runge-Kutta Method

If we keep the terms in Eq. (5) and Eq. (10) up to O(7*) we obtain the 4th-order
RK method.

4th-Order Runge-Kutta Method

y(t+7)=y(t) + é (c1+ 2c2 + 2¢3 + ca), (20)
with
a = 7f(y1),
o (),
c3 = Tf<y+ 22 t+2) (21)
g = Tfly+es,t+7)
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Runge:Kutta Method
Example

o Ref. Boas 3rd Ed. pp. 402 (4th_.RK.c)

Solve the differential equation

dy 2z 6x

de 1+ x2 _1+x2y

2z 6z
Ty =rra  Tea

And compare the numerical result with the known analytic solution,

_3x2+3:174+:r6+ A
L TE ) E R e

The constant A is determined as A =0 when x =0 and y = 0.
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Value Problems Runge-Kutta Method

Example

4th order Runge—Kunta Method
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Homework

Solve the differential equation

/

+ Y = L
Y 2?+1 x4+va2+1
with initial condition y = 0 when x = 0.

o F = = £ DA
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(LEIRYEITER G A Runge-Kutta Method

Solve Newton's Equation of motion

Newton's equation of motion in one-dimensional space

2z F(z,v,
= % = f(z,0,1) (22)

Disassemble Eq. (22) into two steps:

d
= = fv.t) (23)
and J
Xz
— = 24
= (24)
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Runge-Kutta Method
Solve Newton's Equation of motion

By using the 4th-order Runge-Kutta method

vH_l:vi+%(01+202+2c?,+04), (25)
where

a1 = Tf(zi,vist;)

co = Tf(mi—f—%,vi—k%,ti-i-%)

e = 7 (wir Lo+ 2ot D) (26)

ca = Tf(®i+aqsvitest+T)
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Runge-Kutta Method
Solve Newton's Equation of motion

And from Eq. (24)

1
Tiy1 =T + 6(‘]1 +2q2 + 2¢3 + qa), (27)
where
qg = TU;
(w9
qQ2 = TV 2
c
q3 = T (Uz' + 52) (28)
qa = 7(v;+c3)

From Eq. (27) and Eq. (28)

1
Tip1 = T+ = [T@i +2r (Ui + %) +27 (vi + 6—22) + 7(v; + 03)} (29)

6

Or
Tit1 = X; +TV; + %— [01 +co + 63} (30)
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Initial Value Problems

Solve Newton's Equation of motion

Therefore, we only need to calculate ¢;'s!

Newton's Equation of Motion

-
Tit1 = T; +TU; + s (c1 4+ c2+c3)

Viy1 = v; + 6(61 + 2¢o + 2¢3 + C4)
where

1 = Tf(xi’viati)

CQsz(:Ei‘F%,'Ui‘i_Q i %)
cs=7f(zi+ 5+ T8 v+ %6+ 5)
ca=1f xz—i—Tvl—l—T—czvl—l- c3, t+ )

[m] = = =
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(LEIRYEITER G A Runge-Kutta Method

Example: Van der Pol Oscillator

Van der Pol Oscillator

or

Zo, |, w are given constants.

From the previous page:

Tit1 = x; + 7V + G (€1 + c2 +c3)

Vi+1 = U4 —+ %(Cl + 202 —+ 263 + 04)

c1 =71 [p(xd — 22)v; — w2xl]

o= (w3 = (w+ ) (i + §) - ? (w1 + )]
cs=1|p (g — (z T“—I—T“)Q (Ui+%)—wz($i+%+%l)]
ca=1 |p (2 — (zi+7v; + 7'62)2 (v; + c3) — w? (xi+Tvi+%)]
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(LEIRYEITER G A Runge-Kutta Method

Example: Van der Pol Oscillator

4th order Runge—Kunta Method
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(LEIRYEITER G A Runge-Kutta Method

Homework

Driven Pendulum

A point mass m is attached to the lower end of massless rod of
length [. The pendulum is confined to a vertical plane, acted on by
a driving force fy and a resistive force f, (see the figure). The
motion of the pendulum is described by Newton's equation along
the tangential direction of the circular motion of the mass,

mat = —mgsin0 + fq + fr,

where a; = 1d?0/dt2. If the driving force is periodic as

fa(t) = focoswot and fr = —kv = —kld#/dt then the equation of
motion becomes

d?o do
lﬁ = —mgsin6 — nla + fo coswot. (31)
mg
If we rewrite Eq. (31) in a dimensionless form with /I/g chosen as the unit of time, we obtain
d?0  df
el +qa + sin@ = bcoswot, (32)

where ¢ = k/m, b = fo/ml, and wo is the angular frequency of the driving force. Solve Eq. (32)
numerically and plot the trajectory in phase space when (1) (wo, ¢,b) = (2/3,0.5.0.9) and
(2)(wo,g,b) =(2/3,0.5.1.15)
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Boundary-Value Problems

For a second-order differential equation,

y' = flz,y,y),

there are four possible boundary condition sets:
Q y(20) =yo and y(z1) = y1
9 y(v0) =yo and y'(z1) = v
Q y'(w0) = o and y(z1) =y
Q y'(v0) = vo and y'(z1) = v
@ Shooting Method
@ Relaxation Method
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Shooting Method

Basic idea: change the given boundary condition into the corresponding initial

condition.
Prerequisite: Secant Method to find a root of equation and the basic

algorithm(s) for ODE.
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Shooting Method

Convert a single second-order differential equation

Py,
dr2 = f(xvylayll)

into two first-order differential equations:

dy _
dx Y2

i
and

dys
dr f(x,y1,92)

with boundary condition, for example, y1(0) = ug and y1(1) = uy.
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Shooting Method

How to change the given boundary condition into the initial condition?
e y1(0) is given
e guess y;(0) = y2(0) = a.
o Here the parameter o will be adjusted to satisfy y1(1) = u1.
o For this we will use the secant method.

@ Let us define a function of « as

g(a) = un(1) — uq,

e us (1) is the boundary condition obtained with the assumption that y2(0) = «

@ uq(1) is calculated by the usual algorithm for initial value problem (for example,
by applying Runge-Kutta method) with assumed initial value y2(0) = «.

e wuy is the true boundary condition.

@ Using the secant method, find the value a which satisfy
9(a) =0
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Shooting Method
Example

Solve the differential equation,

with boundary condition,

Let

dy
dml =92 2
d T
E%__T(u—i_l)

and assume that y1(0) = 0 and y2(0) = «. Adjust « to satisfy
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EITERGLIETEN  Shooting Method

Shooting Method
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Relaxation Method
Relaxation Method

4 d
%Z:f(x,y)éd—xg—f(xay):o (33)

(1) Divide the given interval into discrete N intervals (discretization).

k

1

0
(2) Use the definition of the numerical second order derivative to rewrite Eq.
(3

3) as

Yk+1 — 2;/; Y1 Fan ) = 0 (34)
at ¢ = xy. Eq. (34) becomes
Ykt1 — 20k + Yo—1 — B2 f (@, yk) = 0 (35)
or equivalently
_ Ykt T Yk 2— h? f (g, yx) (36)
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Relaxation Method
Relaxation Method

(3) Using Eq. (36), keeping the boundary condition, iteratively calculate y;, as

(n) (n) 2 (n)
" + vy, 'y — h? f(x,
yl(c +1) _ Yet1 T Yk . f(@e, yy, )’ (37)

)

for all k. Here y,(cn is the value of y, at nth iteration.

Soon-Hyung Yook Ordinary Differential Equations May 24, 2016 35 /41



Relaxation Method
Relaxation Method

Relaxation Method

ey Uy = B2 f ()
Yy = 5

Successive Over relaxation Method

+ h” f(xg,
y](gn-&-l) w <yk+1 Y1 f( ks Yg )> (1 w) 1(€n)

where w is called as over relaxation parameter and w € [0,2]. Usually w > 1 is
used to speed up the slow converging process and w < 1 is frequently used to
establish convergence of diverging iterative process or speed up the convergence of
an overshooting process.

4
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Relaration Method
Example: Relaxation Method

Solve the differential equation using the relaxation method,

d? 2
=T (u+1)

with boundary condition,

Let

and assume that y1(0) = 0 and y2(0) = «.

Soon-Hyung Yook Ordinary Differential Equations May 24, 2016 37 /4



Relaxation Method
Example: Relaxation Method

Relaxation Method Relaxation Method
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CLOTERAYEITN LG LN Relaxation Method

Relaxation Method in 2-Dimensional Space

Extending the relaxation method to 2-dimensional case is straightforward.
Consider the partial differential equation:

V2f =g(z,y) (38)
o2f o2
a—;; + 3—£ = g(z,y) (39)

Divide the given region into very small area.

y

(&)
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Relaxation Method in 2-Dimensional Space

fl+1,5) =2fG,5) + f(i —1,5)
h2

h2

Relaxation Method in 2D

=g(i,7)
FIG, 5)

MG L+ FME L)+ FM G+ D+ FM 65— 1) — kg, )
4

Successive Over Relaxation Method in 2D

st DG g =

4

- ™,
o 5 = E = DAy
Soon-Hyung Yook Ordinary Differential Equations
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CETTERARVEITEN LR Relaxation Method

Homework
Use a relaxation method to compute the
potential distribution between the two concentric
square cylinders shown in the figure. The
— _ potential and the length of the square are given
Li,=5, V,=5 ; . . .
in the figure. Sketch the equipotential surface.

Low =25, ¥ =10
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