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§1. Introduction

{i) Upper critical dimension of RWs?

i) {Reentrant(Recurrent) RW?

Transparent RW?
(transient)

d
V~(Rg)*~N2

No. of hoppings ~N

If ¥ < N, RW covers V compactly & completely— Recursive (Reentrant).
(d < 2)

If V> N, RW covers V partly - Transparent (Transient).
(d > 2)

d,=2|7?




Main Physical Quantities of interests

@ First Passage Probability
F(7,t) : Prob. that RW visits 7 for the first time at t.

@ No. of distinct visited sites : D(t)

® 0(r,t) : Occupancy of ¥ by RW up to t
No. of visits of RW to 7 up to t



§2. First Passage Probability

F(#,t) & P(#,t)

P(#, t) = 8790 + z F(# t)P(0,t—t") (1)
t'<t
B K) = z KPR 1), FFEK)= z KF(#0) (2)
t=0 t=0

P(#,K) = 83y + F(7,K)P(0,K)

( P(F,K)
— 0T
F(# K) = PGK) = b7 _ < PO (3)
’ P(0,K) 1
7 =0

1—= ;
" P(0,K)




§3. Laplace Transform and Real time Quantities

FO) o FUO = ) FOK
t=0

The relation singular behavior of f£(t) to f(K)

Main Re. F(K)~1—-K)*1 (u<1)

(= oo(K - 1) 4)
- f(t)~t™# (t = o0)

had 00 t*

fK) = Zf(t)Kt= f f(©)e tn/K) g¢ = j f@®dt (¢ =[n1/K)71]) ()
t=0

(f(K) = f(s) (Laplace Transform) (s =In(1/K)) ) (6)

~s-0 (In(1/K) = 0,K - 1) - :long time limit (= f(K - 1-) )

o Nieo f(t) (diverges) — cutoff t* — Asymptotic behavior at t —» o




a) The case in whichZf(t)(= f(K =1)) diverges
t=0

{K—>1, s — 0, s=In(1/K)=1-K (7)
t* =[In(1/K)]" 1 = Tk~ 1/s
f(K) =j f®dt (8)

-1

S
_ f thdE ~sHT~ (L= KPY (K - 1)

* Diverging f(k=1) & (f(O)~t™ > f(K)~(1—K)* 1) (n<1)




* Useful Relation @
t
P() = ) f(t)
t'=0

- P(K) =

t
And, P(t) = f f(thHdt
0
P(s) = f(s)/s

* Useful Relation @)

t
P(t) = f F(E)dt
0

P t*
Fk) = jo F()de'

1/s

(9)

(10)

(1-K=5) (11)

- P(tY) = f(K = 1—s)=f<K= 1—%*) (12)

0

f)de |



b) The case in which Zf(t)(= f(K = 1)) converges
t=0

[ No cutoff is needed

*fO~tTH (u>1)
\ ( f(K = 1) is finite )

fFE)=f()-pQ1-K)*+- (K-1) (13)
f(D) - fK) xp (1 —K)*
o z t™H(1—KYH ~ foot_“(l —e™dt (v s=-1)

t

~ f t~Hdt
1/s

f) = f(K) ~(1/s) W1~ (1 —K)H? (14)

fUO~fD) —a; (1 —K#t (15) ¢



§4. F(¥ = 0,t — ) : First Passage Prob. to origin.

P(#=0,t) = (4nDt)~4/2 (Pure RW)

P(0,K) ~ j KtP(0,t)dt
~ j (4nDt)~42Ktdt
0

As expected, P(0,K = 1) diverges when d < 2
— singular property : case a)

P(0,K = 1) converges when d > 2
— singular property : case b)
)d<?2

P(0,K) « j (4nDt) 2dt

{Ad&*)ld/z = 41— k)32t 5 d <2

Azlnt*=_A21n(1_K) ,d=2

(16)

(17)

9



1) d>2
(P(0,K =1) = [~ P(0,t)dt converges )

F(O,K=1) = zF(O, t) =1-[P(0,K =D]"" (From Eq. (3)) (18)
t
R = F(0,K = 1) : Eventual Prob. that RW reaches the origin.

P(O,K=1)=[1-R]? (19)

From Eq. (13) and K =1 — s,

5(0,1) — B(0,K) Z =4/2(1 — Kt

t (20)
— (1 _ K)d/Z—l
P(0,K)~(1—R)™*+B,;(1 - K)%_l 4 - (d > 2) (21)
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From Eq. (

(d=1),

F(0,K) =<

3), F(0O,K)=1— 5(0.K)

1

POK)=(1-K)2
F(O0K)=1—-vV1—-K
[ 4_ 1
Ay(1 — K)d/2-1
. 1
+A2 In(1 —K)

d
\R + B;(1 —R)?2(1 - K)z™*

d <2

(22)

(23)
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o
F(0,1 - 1/t*)~f F(0,t)dt
0
= first passage probability up to t*

=T({t*")=1-S5(t")

( S(t*) : survival prob. up to t*)
( 1

A,¢i-arz rd <2
S(t) =4 1 B
A,Int d=2
\1 — R + By(1 — R)?t1~4/2 cd > 2
(t4/2-2 d <2
a5 (t) 1
F(O,t) = ——— o « cd =2
(0.£) ot tln?t
\¢—4/2 cd > 2

(24)

(25)

(26)
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r o
* (t) = jtF(O’ t)dt diverges d < 2

<R=jF(0,t)dt=1 d<?2
\ ltl—%s(t) =0 Reentrant
~\ Recurrent JRW (d < 2)

/

Compact Exploration
RW visits any site infinitely many times

*d > 2 R(S) is finite. Transient (Transparent) RW

* Biased RW

d-1 d+1
Vot -t 2 ~t 2
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(Exercise) 1X}2l pure RWZ} 2X| x0f M2 EY SHE F(x, t)E=

£=3/2
F(x,t) = x- mexp(—xz/éwt)
m
2= 20k

(hint) i) P(x,s) = P(x —x',s)F(x’,s)

<I3(x, s) = jds e Stp(x, t))

i) Eq. (34)




§5. No. of distinct visited sites : 2(t)

d .
( t2 d <2
_ J t C g
D(t) = tS(t)~ . cd =2
Int
\(1—-R)t + - Ld>2

D) =1+ Z{F(?, D+ F@#2)+ -+ F@,t)}
7#0

DO0)=1,92(1) =2

At) =D(t)—D(t—-1)
A(D) =1

At) = Z F(t) = —F(0,1) + Z F@0)

7+0 T

(27)

(28)

(29)

(30)
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AK) = z KtA(t) = —F(0,K) + z F(# K)
t 7

From Eq. 3), F(# K) = P, K) — dx and ZP(F, t)=1,

P(0,K)
. 1
AK) = -1+ K505 (31)
D (t) = A0) + Ay + -+ A(D) (32)
0 t 1

DK)= ) Kt'D(t) = ) Kt A(D) | = ——[1+ AK)]

S0 = (300t
_ 1
D(k) = (33)

(1 - K)2P(0,K)

1
V1 — K?

for 1d pure random walk

From Eqg. (1-19), P(0,K) =
16



~ \/1—K2=\/(1+K)(1—K)

- (1-K)? (1 - K)?

K - 1- .
=2(1-K) 2=~ (1-K)*1!

= ;Ktl)(t)

t —

D(t)~t H~t1/2 <Exact|y, D(t) ~

*2d, 3d » Eq. (27)

(34)

o 8t
J;) (1d - Eq. (27)) (35)
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§6. First Passage Problem in an Interval

Interval : x € [0, L]

®
0 L

* P(0,t) = P(L,t) = 0 : two absorbing boundaries.

L
j P(x,t=0)dx =1
0

L
- S(t) = j P(x,t)dx <1 (?)

0
@ Direct Solution of Diffusion Eq.

OP(x,t) . 0%P(x,t)
ot dx2

(36)
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'cf) Free—Particle Schrodinger Equation

qu_ h? 0%¢
ot 2m 0x2
- —it,p=2
el - 2m

— A particle in a box

® 2
P(x,t) :Z% nnx _(nL_n) bt

t > oo
2
r5(15) x ¢~(T) Pt = o=t (45 =0)

1 L7
1D Dn?

11 =

(37)

(38)
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@ Using Laplace Transform

d?P(x,s)
dx?

P(x,t=0)=6(x—x9) (x9€][0,L]

sP(x,s) —P(x,t=0)=D

P(x,s) = Aexp(xy/s/D) + B exp(—xy/s/D)

with P(0,t) = P(L,t) =0 and P(x,t =0) = §(x — x;)

i sinh (\/7x<> sinh <\/7 (L — x<)>
e VsD sinh (\/; )

<x> = max(x, x0)>

X< = min(x, x;)

(39)

(40)

(41)
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, 0P(x,t)
* jp=—D Ox

(42)

XB

( Diffusive current to boundary at x : prob. rate to hit the boundary.)

co

©E0p) = [ i 0de (43)

0

( Eventual hitting prob. to xp )

co

P(x,s) =f e StP(x, t)dt (44)
0
0P (x, d (% °°
—D (axxs) =j(x,s) =—DaJO e‘StP(x,t)dtsz e Stj(x, t)dt (45)
0 = £ = |t )de (46)
0
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A

( . s
85 (x.5) ) sinh (\/; (L — xo))

](X = 0, S) =D O0x S
x=0 sinh EL

()

9P (x,s)
0x

jx=1Ls)=-D

4

xX=L sinh( %L)

( i %0
Ex=0)=jx=0s=0)=1-—+

\

E(sz)zj(sz,SZO)ZT

* rg O XB
O =% % L
< N ./\./-\.
E(L) = < 0 X0 L
\ X4+ Xp

(47)

(48)

(49)

22



co

j(xp ) = j (g, Destde
0

[o'e) SZtZ
=j (1—St+ - +-~>j(xB,t)dt
0 :

2 00
= €(xp) [1 — s(t(xp)) + %(t(xg)z) + ] (5(963) = f j(xB,t)dt)(SO)

0

[t Cxp)j Cxg, )dt

(t"(xp)) = 00 (51)
j(O, 5) = (1 B %) [1 g ZLng_ X0 ]
(L,s) = % 1-— sL26_ng + ]
2Lxg — x¢
(t(0)) = D
2 _ 2 (52)
(¢(L)) = D

23



Mean Exit time : (t,,)
(tm) = €(0)(to) + EL)(E(L))

= ExO(L — Xp)
LZ

= Euo(l — Ug) (uo = %)

LZ
« - (up  finite) (53)

ot (it 207 0) (54)

Uy — 1

(Exercise) Consider this problem with one absorbing boundary and
one reflecting boundary.

(Exercise) Consider this problem for biased random walk.
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§7. Electrostatics and hitting prob.

j(#t) = —DA-VP

-

B
(0e]

E(rp) =j Jj(7g, t)dt

0

Boundary II Boundary |
Y
RW

From diff. Eq,, oo
P(#t—> o) —P{#t=0)= szj dtP(7,t)
0

{P(F,t - 00) >0
Pr,t=0)=6(0—1p)

Po(7) = j dtP (7, t)dt
0

7Py(7) = — = 6(F — 7o) (55)

. : . 1 ,
* Laplace (Poisson Equation) for the single charge Do, at

25




(0.0]

E(7p) =f j(g, t)dt = _Dj

0

-

B

(0]

n-VP(# t)| dt
r

B

S (t)

(t") = Joot"F(t)dt = —J t"—dt
0 0

= nj t"‘lf P(# t)dr
0 %

(0.0)

P, () = f P(7, t)t"dt
0

) =n| Paa@dr
1%
1
‘72?0(77) — _55(77—770)
2 - 1 -
Vep(r) = _EPO(T)

V2P, (F) = ——= Py (P)
n D n—1

ot

(56)

(57)

(58)

(59)
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