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Prologue
• Meaning of random walks (RWs).

– Ising Model  (70-80%).
– Random walks (20-30%).

• RWs : static (configurational) or dynamic model?
① Diffusion – Dynamic phenomena.

② Polymer structure : static configurational problem.

통계물리학자의 마음의 고향 (비빌 언덕).

ܴଶ ∼ ଶఔݐ

ܰ : monomer 수
step 수ࡾ ܴଶ ∼ ܴ௚ଶ ∼ ܰଶఔ
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ݐ) ൌ time)



Chapter 1. General Properties of Random Walks.

Chapter 2. First Passage Problems.

Chapter 3. Variants of Random Walks.

Chapter 4. Random Walks on Fractals and Networks.
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• Chapter 1. General properties of random walks.

§1. Markovian process.

§2. Central limit Theorem.

§3. Recursion Relation.

§4. Master Equation.

§5. Diffusion Equation.

§5. RWs on finite-sized system.
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(1)

ܴ ܰ ൌ෍ݑ௜

ே

௜ୀଵ
(2)

ܴሺܰሻ ൌ෍ ௜ݑ

ே

௜ୀଵ

ൌ 0 (3)

ܴଶሺܰሻ ൌ ෍ݑ௜

ே

௜ୀଵ

∙ ෍ݑ௝

ே

௝ୀଵ

ൌ ෍ݑ௜
ଶ

ே

௜ୀଵ

൅ ෍ ෍ ௜ݑ ∙ ௝ݑ

ே

ሺ௜ஷ௝ሻ

ே

௜ୀଵ
(4)

(philosophy ②)
࢏࢛

§1. Markovian process of first order : philosophy of 
܍ܚܝܘ
܍ܝܚܜ

random walks(RWs).
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௜ݑ * : the hopping vector at the ݅th hopping            
(philosophy ①). 

൞ ൞

௜ݑ ൌ 0
௜ݑ ൌ ݑ
௜૛ݑ ൌ ଶݑ

After ܰ hoppings,



If ݑ௜ ∙ ௝ݑ ൌ 0 for ∀ ሺ݅ ൏ ݆) with ݅ ് ݆, 
(no memory effect : philosophy ③ → Markovian process of first order).

ܴଶሺܰሻ ൌ ଶݑܰ ߥ ൌ ଵ
ଶ (6)

ܴாଶ ≡ ܴଶሺܰሻ ∼ ܰଶఔ (7)

* Definition of Exponents

*2. No. of ܰ-step possible walkers, ߛ.

ࣣே ∼ ܰఊିଵߤே (8)

(5)

ܴ

*1. End-to-end distance exponent, ߥ.

ࣣே of RWs on hyper cubic lattices with coordination number ݖ :

from Markovian process (ߤ ൌeffective coordination #).
ࣣே ൌ ߛሺ				ேݖ ൌ 1, ߤ ൌ ሻݖ (9)

(Excercise) Prove that ܴସ ∼ 3ܰଶݑସ or ܴସ 	/	3 ܴଶ
ଶ
ൌ 1

in the limit ܰ → ∞.
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§2. Central limit theorem

න݌ ௜ݑ ݀ௗݑ௜ ൌ 1

නݑ௜		݌ ௜ݑ 	݀ௗݑ௜ ൌ ݎ݋ݐܿ݁ݒ	݁ݐ݂݅݊݅

( → violation → Lévy flight )

නݑ௜
ଶ	݌ ௜ݑ ௜ݑ݀		 ൌ ݎܾ݁݉ݑ݊	݁ݐ݂݅݊݅ (10)

*Philosophy 1 : The unit hopping time is finite const.

*Philosophy 2 :

*Philosophy 3 :   No memory Effect. (Markovian process of first order.)

No interaction between monomers in polymers.
{

(→ violation → continuous time RWs)

(→ violation → ){ }Persistent RWs
Self-avoiding walks
Other walk models
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* 문제를 간단히 하기 위해 1차원에서 생각해 보자
(강의의 모든 walk는 원점에서 출발한다고 가정함)

ݑ ൌ න݌ ݑ ݑ݀	ݑ ൌ ݉ଵ

ଶݑ ൌ න݌ ݑ ݑ݀	ଶݑ 		

ܰ step 후 RW의 위치 ܴሺܰሻ : ܴሺܰሻ ൌ ଵݑ ൅ ଶݑ ൅ ⋯൅ ேݑ

ܲ ܴ,ܰ ൌ න ଵሻݑሺ݌	ଵݑ݀
ஶ

ିஶ
…න ݌	ேݑ݀ ேݑ

ஶ

ିஶ
ߜ	 ܴ െ෍ݑ௜

ே

௜ୀଵ

ൌ
1
ߨ2

න ݀݇	݁௜௞ோ
ஶ

ିஶ
ෑන ௜ሻݑሺ݌௜݁ି௜௞௨೔ݑ݀

ஶ

ିஶ

ே

௜ୀଵ

ൌ
1
ߨ2

න ݀݇	݁௜௞ோ
ஶ

ିஶ
ܳ ݇ ே

ܳ ݇ ൌ න݀ݑ	݌ሺݑሻ	݁ି௜௞௨

ܳ ݇ ൌ 1 െ ݅݇ ݑ െ ݇ଶ ଶݑ /2 (݇ → 0)

ൎ ݁ሺି௜௞௠భି௞మ௠మ/ଶሻ ( ݉ଵ ൌ ଵݑ ,  ݉ଶ ൌ ଶݑ െ ݑ ଶ,  … )

기본걸음의 PDF ݌ ݑ →

,  ݉ଶ ൌ ଶݑ െ ݑ ଶ
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ܲ ܴ,ܰ ൌ
1

ܰ	ଶ݉	ߨ2
ଵ
ଶ
	exp െ

ܴ െ ܰ݉ଵ
ଶ

2݉ଶܰ (11)

ܲ ܴ,ܰ ൌ ܰିఔ݂
ܴ௦
ܰఔ (12)

(ܴ௦ ൌ ܴ െ ߥ ,݉ܰ ൌ 1/݀௪ ൌ 1/2), 

( ݉ଵ ൌ ଵݑ ് 0 : Biased RW )

# Eq. (12)→	RW’s Central limit theorem(CLT) → scaling property

(݀௪ : RWs의 fractal dimension (݀௪ ൌ 2))
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§3. Recursion Relation

1d : Biased RW : ܲ ݑ ൌ ߜ݌ ݑ െ 1 ൅ ݑሺߜݍ ൅ 1ሻ

݌ ) ൌ ݍ ൌ ଵ
ଶ
, pure random walk )

ܲ ݊,ܰ ൌ ܲ݌ ݊ െ 1,ܰ െ 1 ൅ ሺ݊ܲݍ ൅ 1,ܰሻ (13)Recursion Relation :

ݍ ݌
… …0 1-1

12

Generating function

෨ܲ ݊, ܭ ൌ ෍ ܲ ݊,ܰ ேܭ
ஶ

ேୀ଴

ܭ)(14) : Fugacity)

On 1d chain െ௅
ଶ
, ௅
ଶ

݂ ݇ ൌ ෍ ݁௜௞௡݂ሺ݊ሻ
௅/ଶ

௡ୀି௅ଶ

݇ ൌ
݈ߨ2
ܮ 	; ݈ ൌ െ

ܮ
2 ,… ,

ܮ െ 1
2

(Fourier transform : ܮ → ∞)
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෨ܲ ݇, ܭ െ 1 ൌ ሺ݇ሻݑܭ ෨ܲሺ݇, ሻܭ

ቊ
ܲ ݊, 0 ൌ ௡଴ߜ

ݑ ݇ ൌ ௜௞݁݌ ൅ ௜௞ି݁ݍ

෨ܲ ݇, ܭ ൌ
1

1 െ ሺ݇ሻݑܭ ൌ ෍ ேܭ ݑ ݇ ே ൌ ෍ ,ே෍݁௜௞௡ܲሺ݊ܭ ܰሻ
௡

ஶ

ேୀ଴

ஶ

ேୀ଴

(16)

ܲ ݇,ܰ ൌ ݑ ݇ ே ൌ෍݁௜௞௡݌ሺ݊, ܰሻ
௡

(17)

෨ܲ ݇, ܭ ൌ ෍෍݁௜௞௡ܲ ݊,ܰ ேܭ

௡

ஶ

ேୀ଴

(15)
From Eq (13)
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ܲ ݊,ܰ ൌ
1
ߨ2

න ݁௜௞௡ ݑ ݇ ே݀݇
గ

ିగ
ൌ

1
ߨ2

න ݁ି௜௞௡
గ

ିగ
෍

ܰ
݉ ேି௠݁ି௜௞ሺேି௠ሻ݀݇ݍ௠݁௜௞௠݌

ே

௠ୀ଴

If ݊ െ ݉ ൅ ܰ െ݉ ൌ 0,			݉ ൌ ேା௡
ଶ → The integral ് 0

ܲ ݊,ܰ ൌ
ܰ!

ܰ ൅ ݊
2 ! ܰ െ ݊

2 !
݌
ேା௡
ଶ ݍ

ேି௡
ଶ (18)

→ CLT OK

* ෨ܲ ݇, ܭ 	(15) → ܲ ݇,ܰ 	(17) → ܲ ݊,ܰ 	(18)
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* ෨ܲ ݇, ܭ (15) → ෨ܲሺ݊, ሻܭ (14) → ܲሺ݊,ܰሻ (18)

෨ܲ ݇, ܭ ൌ෍݁௜௞௡ ෨ܲሺ݊, ሻܭ
௡

෨ܲ ݊, ܭ ൌ
1
ߨ2

න ෨ܲ ݇, ܭ ݁ି௜௞௡	݀݇
గ

ିగ
ൌ

1
ߨ2

න
݀݇	݁ି௜௞௡

1 െ ሺ݇ሻݑܭ

గ

ିగ

෨ܲ ݊, ܭ ൌ
1

1 െ 	ଶܭݍ݌4
1 െ ଶܭݍ݌4

ݍܭ2

|௡|

(19)

ܲ ݊,ܰ ൌ
1
݅ߨ2

ර
෨ܲሺ݊, ሻܭ
ேାଵܭ ݀݇ ෨ܲሺ݊, ሻܭ ൌ ෍ ,ேܲሺ݊ܭ ܰሻ

ஶ

ேୀ଴

 

																															
→ (18)

ܲሺ݊, ܰሻ

෨ܲሺ݊, ሻܭ

ܲሺ݇, ܰሻ

෨ܲሺ݇, ሻܭ

ൌ෍݁௜௞௡ ෍ ,ேܲሺ݊ܭ ܰሻ
ஶ

ேୀ଴௡



݀ܲሺ݊, ሻݐ
ݐ݀ ൌ ߱ିܲ ݊ െ 1, ݐ ൅ ߱ାܲ ݊ ൅ 1, ݐ െ ߱଴ܲ ݊, ݐ

(22)

: (Master Equation)
ܹ ݊, ݊ െ 1 ൌ ߬/݌ ൌ ߱ି

	
ܹ ݊, ݊ ൅ 1 ൌ ߬/ݍ ൌ ߱ା

	
ܹ ݊, ݊ ൌ െ1/߬ ൌ ߱଴

ܹ ݊, ݊ᇱ ൌ 0 ሺ݊ᇱ ് ݊, ݊ െ 1, ݊ ൅ 1ሻ

Transition Rate

16

ൌ෍ܹ ݊, ݊ᇱ ܲሺ݊ᇱ, ሻݐ
௡ᇱ

§4. Master Equation

ܲ ݊, ݐ െ ܲ ݊, ݐ െ ߬
߬ ൌ

݌
߬ ܲ ݊ െ 1, ݐ െ ߬ ൅

ݍ
߬ ܲ ݊ ൅ 1, ݐ െ ߬ െ

1
߬ ܲሺ݊, ݐ െ ߬ሻ

ቄ߬ ൌ ݁݉݅ݐ	݃݊݅݌݌݋݄	ݐ݅݊ݑ ൌ 	ݐݏ݊݋ܿ
ݐ ൌ ܰ߬ (20)

ܲ ݊,ܰ ⇒ ܲሺ݊, ሻݐ (21)

( ߬ → 0, ܰ → ∞, ܰ߬ → ݐݏ݊݋ܿ 가는 극한에서 ݐ ) → ݏݑ݋ݑ݊݅ݐ݊݋ܿ ) )
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ܲ ݇, ݐ ൌ෍݁௜௞௡
௡

ܲሺ݊, ሻݐ

݀ܲ ݇, ݐ
ݐ݀ ൌ ߱ ݇ ܲሺ݇, ሻݐ (23)( ߱ ݇ ≡ ߱ା݁௜௞ ൅ ߱ି݁ି௜௞ െ ߱଴ )

ܲ ݊, ݐ ൌ 0 ൌ ௡௢ߜ
ܲ ݇, ݐ ൌ 0 ൌ 1 → ܲ ݇, ݐ ൌ ݁ఠ ௞ ௧ (24)

߱ ݇ ൌ ߱଴ cos ݇ െ 1 ൅ ߱ߜ2݅ sin ݇ ߱ߜ2 ) ≡ ߱ା െ ߱ି )

ܲ ݇, ݐ ൌ ݁ఠబ ୡ୭ୱ ௞ିଵ ௧݁ ଶ௜ఋఠ ୱ୧୬ ௞ ௧

ܲ ݇, ݐ ൌ ݁ିఠబ௧ ෍ ݁௜௞௟ܫ௟ሺ߱଴ݐሻ
ஶ

௟ୀିஶ

෍ െ݅ ௠݁௜௞௠ܫ௠ሺ2݅ݐ߱ߜሻ
ஶ

௠ୀିஶ

(25)

௟ܫ ) : modified Bessel function )

Fourier Transform ݇ ↔ ݊
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comparing with ܲ ݇, ݐ ൌ෍݁௜௞௡ܲሺ݊, ሻݐ
௡

,

ܲ ݊, ݐ ൌ ݁ିఠబ௧ ෍ െ݅ ௡ି௠	ܫ௠ ߱଴ݐ ሻݐ߱ߜ௡ି௠ሺ2݅ܫ
ஶ

௠ୀିஶ

(26)

Non-biased(pure) RW ሺ߱ߜ ൌ 0ሻ
→ ܲ ݊, ݐ ൌ ݁ି௧ܫ௡ሺݐሻ (27)( ߬ ൌ 1,߱଴ ൌ 1 )

ܲሺ݊, ሻݐ
1
tߨ2

1 െ
4݊ଶ െ 1
ݐ8 … (28)

݊ →fixed
ݐ → ∞

cf) CLT Scaling

݊ → ∞
ݐ → ∞

݊ଶ/ݐ → fixed

ܲ ݊, ݐ ൌ
1
ݐߨ2

exp െ
݊ଶ

ݐ2



ܲ ݊, ݐ ൌ න ෨ܲ ݊, ݏ ݁௦௧݀ݏ
௦బା௜ஶ

௦బି௜ஶ

19

Laplace Transform ሺݏ → ሻݐ
෨ܲ ݊, ݏ ≡ න ݁ି௦௧ܲ ݊, ݐ ݐ݀

ஶ

଴
ܭ ↔ ݁ି௦

ݏ ෨ܲ ݊, ݏ െ ෨ܲ ݊, ݐ ൌ 0 ൌ
1
2
෨ܲ ݊ ൅ 1, ݏ ൅

1
2
෨ܲ ݊ െ 1, ݏ െ ෨ܲሺ݊, ሻݏ (29)

From Master Equation of Pure RW (݌ ൌ ݍ ൌ ଵ
ଶ

, ߬ ൌ 1),
෨ܲ ݊, ݏ ൌ ܽ ෨ܲ ݊ ൅ 1, ݏ ൅ ෨ܲ ݊ െ 1, ݏ (30)ܽ ൌ

1
2ሺݏ ൅ 1ሻ

݊ ് 0,
෨ܲ ݊, ݏ ൌ ௡ߣܣ (݊ ൐ 0)

෨ܲ ݊, ݏ ൌ ௡ିߣܣ ିߣ ൌ 1 െ 1 െ 4ܽଶ /2ܽ

݊ ൌ 0,

෨ܲ ݊, ݏ ൌ
1

ݏ ൅ 1 െ ିߣ
௡ିߣ (31)

ݏ ෨ܲ 0, ݏ െ 1 ൌ
1
2
෨ܲ 1, ݏ ൅

1
2
෨ܲ െ1, ݏ െ ෨ܲ 0, ݏ ൌ ܲ 1, ݏ െ ܲሺ0, ሻݏ

ݏ → 0 (or long time limit ݐ → ∞) → ିߣ 	→ ሺ1 െ ሻݏ2 	→ ෨ܲ ݊, ݏ ≃ ଵି ଶ௦
೙

ଶ௦ା௦	

෨ܲ ݊, ݏ 																							
݁ି௡ ଶ௦

ݏ2
ݏ(32) → 0

→ CLT

(Asymptotic formula)



Master Equation of RW on ࢊ-dimensional lattice

A lattice point ݊ :

൝
		݊ ൌ ݊ଵ, ݊ଶ, … , ݊ௗ ൌ ݊ଵݔොଵ ൅ ݊ଶݔොଶ ൅ ⋯൅ ݊ௗݔොௗ

௜ෝݔ : unit lattice vector ( ݅ ൌ 1,2, … , ݀ )

ܹ ݊, ݊ᇱ ൌ ଵ
௭
	௡೔,௡೔ᇲേଵߜ (for ∀	݅, ݖ ൌ 2݀, ߬ ൌ 1) (40)

݀ܲሺ݊, ሻݐ
ݐ݀ ൌ

1
෍ሾݖ ܲሺ … , ݊௜ ൅ 1,… ; ݐ
ଶௗ

௜ୀଵ

(41)

൅ ܲሺ … , ݊௜ െ 1, … , ݐ ሿ െ ܲሺ݊; ሻݐ

݀ܲሺ݊, ሻݐ
ݐ݀ ൌ

1
,෍ࣦ௡௡ᇱܲሺ݊ݖ ሻݐ

௡ᇱ
(42)࢞૚

࢞૛

࢞૜

૚࢔

૛࢔

૜࢔

.…

…

20



ܲ ൌ
ܲሺ0ሻ
⋮

ܲሺ݊ሻ
⋮

݀ܲ
ݐ݀ ൌ

1
ݖ ࣦ௅ܲ

(43)

ࣦ௅ ൌ ሼࣦ௡௡ᇲሽ : Lattice Laplacian

ࣦ௅ ൌ

െݖ				1, 1, … , 1, 	0	0	0
⋱																													

⋮																																						
0	0	0	1, 1, െݖ, 1, … 0	0	0	

																																				⋱				⋮
0	0	0	0	 … 1	…1, 1, 1, െݖ

(44)

↔ ଶߘ
{ ࢠ

ࢠ ൅ ૚

ࢠ

{
{

21



Master Equation on Any graph

…

1 2

3

ଵଶܣ ൌ 0
ଵଷܣ ൌ 1
⋮

௠௡ܣ ൌAdjacency matrix

݀ܲ ݉, ݐ
ݐ݀ ൌ෍

௠௡ܣ
݇௡

ܲ ݊, ݐ െ ݇௠
1
݇௠

ܲ ݉, ݐ
௡

ൌ෍
௠௡ܣ
݇௡

െ ௠௡ߜ ܲ ݊, ݐ
௡

ൌ෍ ௠௡ܣ െ ݇௠ߜ௠௡
1
݇௡

ܲ ݊, ݐ
௡

݀ܲ ݉, ݐ
ݐ݀ ൌ෍෍ ௠௡ܣ െ ݇௠ߜ௠௡

௡௟ߜ
݇௟

ܲ ݈, ݐ
௟௡

(45)

݀ܲ
ݐ݀ ൌ ࣦீ ∙ ଵܲିܦ (46)ܲ ൌ

ଵܲ
⋮
ேܲ

22



ࣦீ : Laplacian Matrix
graph Laplacian

↔ ଶߘ

ࣦீ ൌ

െ݇ଵ, 1,1, …	, 1, 0, …
⋮				⋱																							
																														

… , 1,1, … 1,െ݇ே

(47)

{ ݇ଵ

{ ݇ே

ܦ ൌ

݇ଵ, 0,0, … 0,0, …
⋮			⋱																					

… , 0,0, … 0, ݇ே

(48)

23
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§5. Diffusion Equation

Discrete lattice → continuum space : ݊ܽ → ݔ

݀
ݐ݀ ܲ ,ݔ ݐ ൌ

݌
߬ ܲ ݔ െ ܽ, ݐ ൅

ݍ
߬ ܲ ݔ ൅ ܽ, ݐ െ

1
߬ ܲሺݔ, ሻݐ

݀
ݐ݀ ܲ ,ݔ ݐ ൌ

2ܽଶݍ݌
߬

ܲ ݔ ൅ ܽ, ݐ ൅ ܲ ݔ െ ܽ, ݐ െ 2ܲ ,ݔ ݐ
ܽଶ

െ
ܽሺ݌ െ ሻݍ

߬ ݍ
ܲ ݔ ൅ ܽ, ݐ െ ܲሺݔ, ሻݐ

ܽ ൅
ܲ ,ݔ ݐ െ ܲሺݔ െ ܽ, ሻݐ

ܽ

߲ܲ
ݐ߲ ൌ ܦ

߲ଶܲ
ଶݔ߲ െ ݒ

߲ܲ
ݔ߲

(33)

: 
Drift−Diffusion Equation 

Convection−Diffusion Equation

߬ → 0, ܽ → 0

ܦ → ,߬/ଶܽݍ݌2 ݒ ൌ
ܽ
߬ ሺ݌ െ ሻݍ
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Scaling Solution Ansatz

ܲ ,ݔ ݐ ൌ
1

ܺሺݐሻ ݂
ݔ

ܺሺݐሻ (34)

(From normalization condition)

ݑ ൌ ሻݐሺܺ/ݔ

ܺ ሶܺ ൌ െܦ
݂ᇱᇱ ݑ

݂ ݑ ൅ ᇱ݂ݑ ݑ ൌ ܣ

→ ܲ ,ݔ ݐ ൌ ଵ
ସగ஽௧

exp ି ௫ି௩௧ మ

ସ஽௧
( ܲ ,ݔ 0 ൌ ሻݔሺߜ )

Fourier Transform ݔ) ↔ ݇)

ܲ ݇, ݐ ൌ ݁௜ ௞௩ି஽௞మ ௧ (35)

න ܲ ,ݔ ݐ ݁௜௞௫݀ݔ ൌ ܲሺ݇, ሻݐ

( CLT 증명에서 ܳ ݇ ∼ ݁௜௞௠భି௞మ௠మ/ଶ )

න ܲ ݇, ݐ ݁ି௞௫ ݀݇ → CLT

ሶܲ ݇, ݐ ൌ ݒ݇݅ െ ଶ݇ܦ ܲሺ݇, ሻݐ
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Laplace Transform ݐ) ↔ ܭ ,ݏ ↔ ݁ି௦)

෨ܲ ,ݔ ݏ ൌ න ݁ି௦௧ܲ ,ݔ ݐ ݐ݀
ஶ

଴

෨ܲ ,ݔ ݏ ൌ
1

ଶݒ ൅ ݏܦ4
݁ିఈേሺ௦ሻ|௫| േߙ(36) ݏ ൌ

ݒ േ ଶݒ ൅ ܦݏ4
ܦ2

ܲ ,ݔ ݐ ൌ න ෨ܲ ,ݔ ݏ ݁௦௧݀ݏ
௦బା௜ஶ

௦బି௜ஶ
		→	 CLT

Fourier-Laplace Transform

෨ܲ ݇, ݏ ൌ න ௜௞௫݁	ݔ݀
ஶ

ିஶ
න ݁ି௦௧	݀ݐ	ܲሺݔ, ሻݐ
ஶ

଴
ൌ

1
ݏ ൅ ݇ݒ݅ ൅ ଶ݇ܦ (37)

ݏ ෨ܲ ,ݔ ݏ െ ߜ ݔ ൅ ݒ ෨ܲ ,ݔ ݏ ൌ ܦ
߲ ෨ܲሺݔ, ሻݏ
ଶݔ߲



In ݀ dim. ,

߲ܲሺݎԦ, ሻݐ
ݐ߲ ൌ ଶܲߘܦ ,Ԧݎ ݐ െ Ԧݒ ∙ ܲߘ ,Ԧݎ ݐ

(38)
ൌ ଶܲߘܦ ,Ԧݎ ݐ െ ߘ ∙ ሺܲ ,Ԧݎ ݐ Ԧሻݒ

Ԧݒ ) ൌ ݐݏ݊݋ܿ )

ܲ ,Ԧݎ ݐ ൌ
1
ݐܦߨ4

exp െ
Ԧݎ െ ݐԦݒ ଶ

ݐܦ4 (39)( ܲ ,Ԧݎ 0 ൌ ( (Ԧݎሺߜ
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1. Application : Laplacian growth
→ Diffusion limited aggregation

2. Laplace Equation의 RW solution (charge → RW source)

Ԧݎ

ଵݍ

ଶݍ

ଵݍ ൐ ଶݍ ∶ No. of RW starting from ݍଵ is 
															larger than that of from ݍଶ.

ܲ Ԧݎ ∼ ߔ Ԧݎ ∶ No. of RWs arriving at ݎԦ.

28

݀ܲ
ݐ݀ ൌ ,ଶܲߘ

݀ܲ
ݐ݀ ൌ 0, ଶܲߘ ൌ 0

Laplace Equation ↔ Electrostatics Analogy



§4. RWs on finite systems (graph)

(Exercise) Prove the following theorem 

on Master equation ௗ௉ ௠,௧
ௗ௧

ൌ ∑ ܹ ݊, ݊ᇱ ܲሺ݊ᇱ, ሻ௡ᇱݐ .

① There is at least one stationary solution for ௗ௉ ௠
ௗ௧

ൌ ሶܲ ݉ ൌ 0.

② This stationary solution is unique when the graph ܩ in which a pair 
ሼ݊, ݊ᇱሽ with ܹ ݊, ݊ᇱ ് 0 is connected is a connected graph.

③ If 0 ൑ ܲ ݊, 0 ൑ 1 for ∀	݊ at ݐ ൌ 0, and ∑ ܲሺ݊, 0ሻ௡ ൌ 1, then 0 ൑ ܲ ݊, ݐ ൑ 1
and ∑ ܲ ݊, ݐ ൌ 1௡ at ∀ ݐ ൐ 0.

④ Set ܲ ݊, ݐ ൌ ܽ௡ expሺെݐߣሻ. Then the master equation yields a set of linear 
equation for ሼܽ௡ሽ, with eigenvalue ߣ .ߣ’s have the following property.
a) The real part of ߣ is nonnegative : Reߣ ൒ 0.
b) If the detailed balance holds or ܹ ݊, ݊ᇱ ܲ ᇱݓ ൌ ܹ ݊ᇱ, ݊ ܲ ݊
ߣ is real and ߣ ൒ 0.

⑤ If the stationary solution is unique, ሼܲሺ݊, ሻሽݐ with any initial condition
ܲ ݊, 0 tends to the stationary solution in the limit ݐ → ∞.
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From the theorem on Master Equation and Lattice Laplacian,

ܲሺ݊, ሻݐ on d-hyper cubic lattice

→ ܲ ݊, ݐ ൌ ෍ ܽఈ ݊ ݁ିఒఈ௧
ఈୀ଴

1ሻ ஑ߣ ൒ 0

2) Especially ࣦ௅ has always null eigenvalue(ߣ଴ ൌ 0) with the eigenvector
ሼܽ଴ ݊ ൌ ଵ

௅೏
ሽ, which is the stationary state (ݐ → ∞).

ଵߣ (3 (2nd smallest eigenvalue) decides final transient behavior.
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଴ܲ ݉ ൌ
݇௠
∑݇௠

ൌ
݇௠

2ܰ ݇ (49)

RWs on finite graphs

From (27),

ࣦீ has null eigenvector (ߣ଴ ൌ 0)  →

݀ܲ
ݐ݀ ൌ ࣦீ ∙ ,ଵܲିܦ

ଵܲିܦ ൌ

1/ܰ
1/ܰ
⋮

1/ܰ

଴ܲ ݉ ∝ ௠ܦܿ ∝ ܿ݇௠

( Professor Noh’s centrality )

* Professor Noh’s statement

① RW in the steady state traverses any link with the equal probability.

② RW in the steady state thus stays a certain node with the probability 
proportional to its degree.


