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Prologue

 Meaning of random walks (RWs).
sA=2|stAre| OrZ2| gl (H|2 ¢1H).
— Ising Model (70-80%).

— Random walks (20-30%).

« RWs : static (configurational) or dynamic model?
@ Diffusion — Dynamic phenomena.

(R?) ~ t%Y (t = time)

@  Polymer structure : static configurational problem.

(R?) ~ <R§> N2V (N . monomer —“,‘—)

step =



Chapter 1. General Properties of Random Walks.
Chapter 2. First Passage Problems.
Chapter 3. Variants of Random Walks.

Chapter 4. Random Walks on Fractals and Networks.



« Chapter 1. General properties of random walks.
(Main Refs. [1], [2], [*])

§1. Markovian process.
§2. Central limit Theorem.
§3. Recursion Relation.
84. Master Equation.

§5. Diffusion Equation.

§5. RWs on finite-sized system.



§1. Markovian process of first order : philosophy of {
random walks(RWs).

pure}
true

* u; . the hopping vector at the ith hopping
(philosophy @).

(u;) =
|u | =u (philosophy @) (1)

After N hoppings,

=@ (2)

i=1

(R(\)) =

i

( %> | (Z é)) ) <Z ”T> * <Z Z)’Ti | u7> @)

(W) = (3)

N
=1

(R2(V)) =




If (u;-w;) =0 for v (i <j)with i # (5)
(no memory effect : philosophy 3 — Markovian process of first order).

(R2(N)) = Nu? (v = l) (6)

2

* Definition of Exponents
*1. End-to-end distance exponent, v.

*2. No. of N-step possible walkers, y. .
Iy ~ NVl (8)

Iy of RWs on hyper cubic lattices with coordination number z :

Iv=z" (y=1Lp=72) 9
from Markovian process (u =effective coordination #).

(Excercise) Prove that (R*) ~ 3N2u* or (B*) /3(R?)" =1
in the limit N — oo.




§2. Central limit theorem

*Philosophy 1 : The unit hopping time is finite const.
(= violation —» continuous time RWS5s)

*Philosophy 2 : jp(gi’)ddui -1
jﬁ[ p(u;) d*u; = finite vector
W p(w) du; = finite number (10)

( — violation — Lévy flight)

*Philosophy 3 : {No memory Effect. (Markovian process of first order.)

No interaction between monomers in polymers.

Persistent RWs )
Self-avoiding walks

(= violation —>{
Other walk models




=X S eS| of7| 2ol 1At A EZ5) EAt
walk= HHO|AM =LA 7 9)

7|1 2&832| PDF p(u) - ((u) = fp(u)u du = my

(u2) = j pQOU du | my = (u?) — ()
k

N

P(R,N) = J_O:odul p(uq) ...j_o;duN p(uy) 6| R — Zui

N i=1
1 . [ .
= Ef dk e'*R r f du;e”¥tip(u;)
— 00 ._i‘ —00

= are=euor

k) = j du p(u) e~k
Q(k) =1—ik{u) — k*w?)/2 (k- 0)

~ g(—lkmi—k?mz/2) (my = (uy), my = (u?) — (u)?

~
.
.
N
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P(R,N) ! e p( (R~ le)Z) (11)
,N) = xp | —
(21 m, N)% 2mpN

(my =(uy) # 0 : Biased RW )

P(R,N) = N7Vf (%) (12)

(Re=R-Nm,v=1/d, =1/2),(d,: RWs2| fractal dimension (d,, = 2))

# Eq. (12)» RW's Central limit theorem(CLT) — scaling property
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§3. Recursion Relation

1d : Biased RW : P(u) =pd(u—1) + qgé(u + 1)

(p=q= % pure random walk ) 101 LB
PSR -
Recursion Relation : P(n,N) = pP(n—1,N —1) + gP(n + 1,N) (13)
Generating function Oo
P(n,K) = z P(n,N)KN¥ (K : Fugacity) (14)
N=0
. L L
On 1d chain (_5'5)
S 21l L L—1
=) etnfn) (k=l 1= ——,...,—>
. L 2 2

(Fourier transform : L — o)

12




From Eq (13) 0
P(k,K) = eknp(n, N)KVN (15)
2.2

n

P(k,K)—1 ; Ku(k)P(k,K)

P(n) O) — 5710
u(k) = pet* + ge™

(16)
P(k,K) = T ;u(k) = Z KN[u(R)N = z KNze”mP(n N)
N=0 N=0 n
P(k,N) = [w(O] = > e mp(n,N) (17)

n
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N
1 " .
P(Tl,N) =§J elkn[u(k)]Ndk__j —ikn Z( ) me itkm N -m —lk(N m)dk
—TT

m=0

N+n

If (n—m+N—m=O, sz) — The integral # 0

P N) = N! N-Zl-n N;n
n, = p q (18)
) CF)!
— CLT OK

* P(k,K) (15) = P(k,N) (17) - P(n,N) (18)
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* P(k,K) (15) » P(n,K) (14) - P(n,N) (18)

P(n,N) «<—— P(k,N)

P(k,K) = zeiknp(n,l() T T

n P(n,K) €<—— P(k,K)
= z etk Z KNP(n,N)
n N=0
1 (" 1 (™ dke tn
Pm,K)=—| P(k,K)e *ndk =—
(0K =57 ) PlK)e 2r )1 — Ku(k)
In|
. 1 1 — 4pqK>2
—— P(n,K) = V1~ 4pg (19)
J1—4pgK? 2Kq

2mwi ] KN+1

s PN =~ fﬁ(n’K)dk (ﬁ(n,K)=ZKNP(n,N) —>(18)>
N=0
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§4. Master Equation

{T = unit hopping time = const (20)
t =Nt
(>0, N> oo, Nt » const 7t= =5t (t » continuous ) )

P(n,N) = P(n,t) (21)
P ,t _P ;t_ 1
(Tl ) (n T)=Bp(n_1’t_1.)_|_gp(n_|_]_’t—’[)——P(n,t—T)
T T T !
dP(n,t
gz )=a)_P(n—1,t)+a)+P(Tl+1;t)_w0P(n't)

= Z W(mn,n")P(n',t) (22)

. (Master Equation)
Transition Rate (W(n,n—1) =p/t = w_

Whn+1)=q/t = w,

Wnn) =—-1/1t = w,

\ W(n,n') =0 (n#nn—-1n+1) 16




Fourier Transform (k < n)

P(k,t) = z e p(n,t)

n
dP(k,t)
dt

= w(k)P(k,t) (wk) = w e+ w_e ™ —w,)

{P(n, t=0) =0y

— pw(k)t
Pkt =0) =1 }%P(k’t) ¢

w(k) = wg(cosk —1) + 2i6wsink (20w =w; —w_)

P(k,t) = eWo(cos k—1)t , (2i6w sin k)t

co

P(k,t) = e~ @ot z e (wyt) z (—i)metkm[  (2iSwt)

l=—00 m=—oo

( I; : modified Bessel function )

(23)

(24)

(25)
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comparing with P(k,t) = Z e"p(n,t),

n

P(n,t) = e~@ot z (=)™ I (wot)],,_, (2iBet)

m=—oo

Non-biased(pure) RW (dw = 0)
> Pnt)=etl,(t) (t=1Lwy=1)

n —fixed 47’l -1
P(n,t) P \/7
cf) ( CLT Scaling
Pin ) — 1 n?
<{ n — oo } (n’)_mexp _Zt
t > oo
n?/t - fixed

(26)

(27)

(28)
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Laplace Transform (s - t)

(0.0]

P(n,s) Ef e StP(n, t)dt (K & e™)
0

~ ~ 1. 1. ~
sP(n,s) —P(n,t =0) = EP(n +1,s) + EP(n —1,5) — P(n,s) (29)
From Master Equation of Pure RW (p = q = % , T=1),
n+0, Pns)=a[lPn+1,s)+P(n—-1,5)] <a _ 1 ) (30)
2(s+1)

P(n,s) = AA™ (n>0)
P(n,s) =A2" (A =(1-V1-4a?)/2a)

- 1. 1. -
n=40, sP(0,s)—1= EP(l, s) + EP(_L s)—P(0,s) = P(1,s) — P(0,s)

- 1
Pvs) = » (31)
s - 0 (or long time limit t » ) = A_ - (1 —=+/25) - P(n,s) = (1\/—2_\5{2)
_n\/ﬁ
~ s—0 e .
P(n, Asymptotic formula 32
(n, 5 5 (Asymp ) (32)
So+i00~
P(n,t) =f P(n,s)etds — CLT
SO—iOO
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Master Equation of RW on d-dimensional lattice

A lattice point 1 :

g A A A
{ n=Mmq,n,, .., ng) =Nx; +Nny,% + -+ +nyxy

X; . unit lattice vector (i =1,2,...,d )

& W) =8 nren  (for Viz=2d,7=1)
n3 yA Uit —
""" N - 2d
dP(n,t)_lz (P(( +1,.00
m =2 P+ 1)
—H——> x, =1 4P, —1,..),0] - P(; 0)
n1 _____________ ///
N dP(n,t) 1 R
1 pr — EZ Lz= P(n,t)
nrs

(40)

(41)

(42)
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R P(0)]
—L; P P

= (43)
dt ~ z *

P(7i)

L, ={L==} : Lattice Laplacian
VA

——
—z 1,1,...,1, 00 07

1
- z+1
. A
={0001,1,-21,..000 (44)

Z
A%' .
10000 ..1..1,1,1,—2Z.

o 2
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Master Equation on Any graph

A12:0
A13:1

{An} =Adjacency matrix

dP(m,t A 1
(m, t) = 2 p(n,t) — k,, —P(m,t)
dt k., m

_ z [AI:"" _ 5mn] P(n,t)

= Z[Amn — kmOmnl ip(n, t)

n kn
dP(m,t) )
dt — Z Z[Amn — ki Omnl kilp(l’ t) (45)
n 1 L
- P
dP — - = .1
— =7, -D1P (P =\ D (46)
dt p
N

22



L. : Laplacian Matrix
graph Laplacian

o 2

K1
——
—ky,1,1,..,1,0, ...
L. =
G kN
IT1,M, —ky
k.,0,0,...0,0, ...
p=|"

,0,0,..0,ky

(47)

(48)
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§5. Diffusion Equation

Discrete lattice » continuum space : na - x

d p q 1
—P(x,t) = ;P(x —a,t) +;P(x +a,t) —;P(x, t)

dt
d 2a°pq [P(x + a,t) + P(x — a,t) — 2P(x,t)
—P(x,t) =
dt T a?
alp—q)| P(x+a,t)— P(x,t) +P(x, t)— P(x —a,t)
T 1 a a
2 T-0,a-0
oF _p2f_ ok ., _a (33)
ot 0x?2 0x D —=2pqa®/rv=-({—q)

. Drift—Diffusion Equation
"\ Convection—Diffusion Equation

24




Scaling Solution Ansatz

_ 1 X
Pt =y’ <X<t>>

(From normalization condition)

u=x/X(t)
oW
f) +uf'(w)

— P(x,t) = exp (_(z;t)z) (P(x,0) =6(x))

XX = — A

1
VarDt

Fourier Transform (x < k)

f P(x,t)e™*dx = P(k,t)
P(k,t) = (ikv — Dk®)P(k,t)

P(k,t) = pt(kv—Dk?)t
(CLT ZHOIN Q(k) ~ etkmi=kima/2

f P(k,t)e * dk - CLT

(34)

(35)
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Laplace Transform (t © s, K © e™%)

oo

P(x,s) =j e StP(x, t)dt

0

. _ 0P(x,s
sP(x,s) —6(x) + vP(x,s) =D (. 5)
dx?
P(x,s) = . e~ %£(S)I¥]
" vz + 4Ds a;(s) =

$0+ioo~

P(x,t) = j P(x,s)eStds —» CLT
So—ioo

Fourier-Laplace Transform

P(k,s) =f dx eikxj
— 00 0

(0]

e Stdt P(x,t) =

v+ Vv2 + 4sD

2D

1
s + ivk + Dk?

)

(36)

(37)
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In d dim.,

dP (% 1)
ot

P(7 t) =

= DV2P(#t) — B - VP(i 1) (v =const)

= DV?P(#, t) — V- (P(#, t)D)

1 (7 — ¥t)? S
mexp(— DL > (P(,0)=46(r))

(38)

(39)
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Laplace Equation < Electrostatics Analogy

dP—VZP dP—O V2p =0
dt ’ dt B

1. Application : Laplacian growth
— Diffusion limited aggregation

4 of particles = 15,000

2. Laplace Equation2| RW solution (charge -— RW source)

q.l (q1 > q, : No. of RW starting from g, is
< larger than that of from gs,.
* P ~ @) : No. of RWs arriving at 7.

28



§4. RWs on finite systems (graph)

(Exercise) Prove the following theorem
dP(m,t)

=X Wnn)P, t)).

dP(m)

on Master equation (

@ There is at least one stationary solution for = P(m) = 0.

@ This stationary solution is unique when the graph G in which a pair
{n,n'} with W(n,n") # 0 is connected is a connected graph.

@IfF0<Pn0)<1forvmatt=0,and },P(n0)=1,then0<P(nt)<1
and Y,,P(n,t) =1atVvit>0.

@ Set P(n,t) = a, exp(—At). Then the master equation yields a set of linear
equation for {a,}, with eigenvalue A. 1's have the following property.
a) The real part of 1 is nonnegative : Red > 0.
b) If the detailed balance holds or W(n,n")P(w") = W(n',n)P(n)
Ais real and 1 > 0.

® If the stationary solution is unique, {P(n,t)} with any initial condition
{P(n,0)} tends to the stationary solution in the limit t — oo.

29




P(n,t) on d-hyper cubic lattice

From the theorem on Master Equation and Lattice Laplacian,

S P@ L) = z a,,(i)e—Aat

a=0

1) 2,=0

2) Especially £; has always null eigenvalue(l, = 0) with the eigenvector
{ag(n) = Lid}, which is the stationary state (t —» o).

3) A4; (2nd smallest eigenvalue) decides final transient behavior,

30



RWs on finite graphs

From (27), & = ;- 517
rom ( )I dt - ~G )
1 /N
L has null eigenvector (4 =0) - [D~1P| ="
[1/N]
Py(m) o« cDyy, & ckyy,
Py(m) = Km _ _Km ( Professor Noh's centrality ) (49)
O T Sk, 2N{k) Y

* Professor Noh's statement
@ RW in the steady state traverses any link with the equal probability.

@ RW in the steady state thus stays a certain node with the probability
proportional to its degree.
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